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Abstract

For a positive integer r and graphs F', GG, and H, the graph Ramsey arrow notation
F — (G)H means that for every r-colouring of the subgraphs of F isomorphic to
H, there exists a subgraph G’ of F' isomorphic to G such that all the subgraphs of
G’ isomorphic to H are coloured the same. Graph Ramsey theory is the study of the
graph Ramsey arrow and related arrow notations for other kinds of “graphs” (e.g.,

ordered graphs, or hypergraphs). This thesis surveys finite graph Ramsey theory,

that is, when all structures are finite.

One aspect surveyed here is determining for which G, H, and r, there exists an
F such that F — (G)7. The existence of such an F' is guaranteed when H is
complete, whether “subgraph” means weak or induced, and existence results are
also surveyed when H is non-complete. When such an F' exists, other aspects are
surveyed, such as determining the order of the smallest such F', finding such an F

in some restricted family of graphs, and describing the set of minimal such F’s.
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Chapter 1

Introduction

This introduction briefly introduces Ramsey theory on graphs and outlines the

structure of this thesis.

1.1 Notation

Unless otherwise stated, all variables are integers. Notation used in this thesis is,
for the most part, standard. For notation used in graph theory, see Appendix Al
Denote the integers by Z = {...,—2,—1,0,1,2,...}, and the positive integers by
Z*. For any a < b, let [a,b] = {z € Z : a < x < b}. The cardinality of a set S is

denoted |S|, a set containing k elements is called a k-set, and the set of all k-sets
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contained in some set S is denoted [S]¥ = {S" C S : |S’| = k}. For simplicity, write

[a, b]* for [[a, b]]*.

For any set S, and any r € Z*, an r-partitionof S is a set {S1,...,S,} of disjoint
subsets of S such that S; U ---US, = S. The S;’s are called partite sets (or
partition classes) and (in this thesis) are usually non-empty. If S and C are sets
with |C| = r > 2, any function A : S — C'is an r-colouring of S, and the elements
of C' are called colours. In Ramsey theory, the Greek letter A is often used to
denote a colouring. For each i € C', A7'(i) C S is called a colour class, and any
subset of a colour class is said to be monochromatic. For example, if S = {a,b, c},
C = {red, blue}, and A(a) = A(c) = red, and A(b) = blue, then the colour classes
are {a,c} and {b}. Note that every r-colouring induces an r-partition, though many
distinct r-colourings induce the same r-partition. Often the elements of C' are not
important, and so for convenience, when r = 2, C' = {red, blue} is commonly used,
and when r > 2, C' = [1, 7] is commonly used. The letter 7 is used throughout this
thesis to denote a number of colours, and in such a context should always be at

least two to avoid trivialities.
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1.2 Pigeonhole principle and Ramsey’s theorem

The pigeonhole principle is a basic tool in Ramsey theory, and is itself now consid-

ered the simplest “Ramsey-type” theorem.

Theorem 1.2.1 (Pigeonhole principle). If at least mr + 1 objects are partitioned

into r (possibly empty) subsets, at least one subset contains m + 1 elements.
The pigeonhole principle can be restated in various ways, e.g.:

(a) If S is a set with |[S| > mr+1, and S = S;U---US, is a partition of S, then

there exists i € [1,r] such that |S;| > m + 1.
(b) If A : [1,mr+1] — [1,7], then there exists i € [1,7] such that |[A~1(7)] > m+1.

Theorem 1.2.2 (Infinite pigeonhole principle). For every finite colouring of an

infinite set, there exists a colour class which is infinite.

Two theorems due to Ramsey generalize the finite and infinite versions of the pi-
geonhole principle to the colouring of k-sets, rather than just singletons (the proofs

appear in Chapter 2).

Theorem 1.2.3 (Ramsey’s theorem for finite sets, 1930 [126]). For all m,k,r €
77", there exists n € Z* such that for every m-set N, and for every r-colouring
A [N)* — [1,7] of the k-subsets of N, there exists M € [N]™ such that [M]* is

monochromatic.
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Denote the least such n by Rj(m;r). Note that since Z* is well-ordered, the ex-
istence of such an n is equivalent to the existence of a least such n. Therefore,
from this point on, theorems which guarantee the existence of a positive integer are

stated as guaranteeing the existence of the least such positive integer.

Theorem 1.2.4 (Ramsey’s theorem for infinite sets, 1930 [126]). For every k,r €
7*, every infinite set X, and every A : [X]¥ — [1,7], there exists an infinite set

Y C X such that [Y]* is monochromatic.

When k£ = 1, the two versions of Ramsey’s theorem are exactly the two versions of
the pigeonhole principle. Ramsey’s theorem for finite sets, referred to from this point
on as simply “Ramsey’s theorem” | is central to this thesis. In Ramsey theory, it is
common practice to put a semicolon before the number of colours (e.g., Ri(m;7r)).
While semicolons may be used in different contexts as well, the number of colours

will always be separated by a semicolon.

An “arrow notation” (known as a “Ramsey arrow”) is used to simplify statements
that are similar to Ramsey’s theorem. This Ramsey arrow was introduced by Erdds

and Rado in 1953 [46]. For positive integers n, m, k and r, write

if for every n-set N, and for every A : [N]*¥ — [1,7], there exists M € [N]|™ such

that [M]* is monochromatic. At this point it can be pointed out that Ramsey-
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type theorems can be hard to read and understand at first due to the number of
alternating quantifiers. For example, there are a total of four quantification switches

in Ramsey’s theorem (stated below for colouring the integers):

Vm,k,r € Z*,3In € Z" s.t. VA : [1,n]" — [1,7],3i € [1,r] and S € [1,n]™ s.t.

VS € [S)F, A(S") = i.

Using the arrow notation, Ramsey’s theorem can be restated briefly:

Theorem (Ramsey’s theorem restated). For all m,k,r € Z*, there exists a least

integer n = Ry(m;r) such that n — (m)*.

1.3 Ramsey’s theorem for graphs

The arrow notation (1) has been generalized to graphs in many ways. The main
idea is to let F' be a “large” graph, G' be a “medium sized” graph, and H a “small”
graph (see Figure[I.1)). For now, a “copy” of H in G means a subgraph (either weak
or induced depending on context) of G isomorphic to H. If for every r-colouring of
the copies of H in F', there is a copy G’ of G in F' such that every copy of H in G’
is the same colour, then write

F—s Q)" (2)

T
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Copies of H -',‘

J
= a @” Copies of G

Figure 1.1: Visualizing Ramsey theory for graphs

The field of “Graph Ramsey theory” is essentially the study of aspects of various
graph Ramsey arrows. For any n € Z*, let K,, denote the complete graph on n
vertices (every pair of vertices is an edge). Since the copies of K} inside K, are in
one-to-one correspondence with the k-subsets of an n-set, Ramsey’s theorem can be

restated in terms of graphs.

Theorem (Ramsey’s theorem-—graph theoretic version). For allm, k,r € Z*, there

exists a least integer n = Ry(m;r) such that

K, — (K,,)5*,

r

There are two camps of thought regarding this arrow notation (2): those who
primarily work in the induced case, and those who primarily work in the weak (or
not necessarily induced) case. Neither group wants to use extra notation, and so

those of the induced camp use “—" for the induced case, while those studying in
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the weak area use “—” for the weak case. The standard is often viewed as using

“—" for the induced case (see, e.g., [102]). However, the weak case is discussed

¢ Y

more in this work than the induced case, and therefore “—” is used in this thesis
when all subgraphs are weak. Therefore, in this work, the arrow notation (2) is
referred to as the “weak graph Ramsey arrow”. When the subgraphs of interest

must be induced, another arrow notation

P2 (@) (3)

r

is used, referred to as the “induced graph Ramsey arrow” (also known as the “strong

graph Ramsey arrow”).

1.4 Structure of this thesis

All results presented in this thesis are found in the literature.

Some proofs of Ramsey’s theorem are presented first in Chapter 2. Chapter 13
surveys results on finding and bounding the numbers Ry(m;r) (defined in Ramsey’s
theorem). As well, in Chapter 3, an “off-diagonal” version of the Ramsey numbers
is introduced. For any k,r,mq,...,m, € Z*, let Rg(my,...,m,) denote the least
integer n such that for every n-set N, and for every A : [N]¥ — [1,7], there exists

i € [1,r] and M; € [N]™ such that [M;]* is monochromatic under A. Chapter 3
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also surveys known results on finding and bounding the numbers Ry (mq, ms).

For any r € Z*, and for any graphs G and H, let R(G; H;r) denote the least integer

n (if such an integer exists) such that

K, — (G)H

T

(an additional semicolon is used in the notation R(G; H;r), but a semicolon is
still used to separate the number of colours). Ramsey’s theorem then says that
for all k,m,r € Z%, R(K,,; Ky;r) exists (since R(K,,; Kx;r) = Ri(m;r)). Note
that for any graph G on m vertices, G C K,,, and therefore if n = R(K,,; Kx;r)
then K, — (G)X*. Thus for any graph G with m vertices, and any k,r € Z",
R(G; Ky;r) exists, and R(G; Ki;r) < R(K,,; Ki;r). The numbers R(G; H;r), when
they exist, are known as weak graph Ramsey numbers. In Chapter 4, the problem
of determining for any graph G the value R(G; Kj;2) is discussed, the numbers
R(G; Ky;r) are generalized to an off-diagonal version, and some results are surveyed

for determining values in this off-diagonal version.

Note: throughout this thesis, in order to prove that a least positive integer X
exists satisfying some Ramsey property (as is done above), a phrase similar to the
following is written: “it suffices to show that X < Y”. This means that it suffices
to show that the positive integer Y satisfies the same Ramsey property, and since

X is the least such positive integer, it follows that X exists and X <Y.
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The main result of Chapter [5/is that for all k,r € Z", and for any graph G, there
exists a graph F such that F 2% (G)Ex. Little is known about the minimum

number of vertices in such an F' when G is not complete.

Arrow notations (both weak and strong) may also be generalized to hypergraphs,
ordered graphs, and ordered hypergraphs in natural ways. Another variation of the
arrow notation for graphs used in this thesis is adding the subscript “part” to an
arrow notation (e.g., “—par” ), which means that for some k € Z*, only k-partite
graphs and subgraphs are of interest (F', G, and H are all k-partite). Another arrow
“ﬂord” introduced in Section 5.8 deals with Ramsey theory questions regarding

orderings rather than colourings (rather than colouring ordered hypergraphs as one

might expect).

Some needed concepts of extremal graph theory are given in Chapter 6. Chapter |7
considers families of graphs (e.g., graphs with bounded degree) whose weak graph

Ramsey numbers grow linearly.

For a graph G, and r € Z™, the problem considered in Chapter 8 is finding a graph
F contained in some restricted set of graphs (e.g., triangle-free graphs) such that

F — (G)E2. Such questions form so-called “restricted graph Ramsey theory”.

The problem of describing the set of (vertex or edge) minimal graphs F' so that

F — (G)E2 is discussed in Chapter 9.
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Before Chapter [10} the subgraphs being coloured (the H’s) are complete. When H
is not complete, there are examples of G, H, and r such that for every graph F,
F —/ (G)H. Chapter 10| contains a theorem characterizing those triples (G, H, )

for which there exists a graph F such that F — (G)¥ (Theorem [10.2.3).



Chapter 2

Ramsey’s theorem

2.1 Introduction

Ramsey theory is named for Frank Plumpton Ramsey (1903-1930), a British math-
ematician who attended the University of Cambridge. For accounts of Ramsey’s
life, and contributions to science, see e.g., [10, 81, 91, 97, 98], and for collections of
Ramsey’s works, see [127, 128, 129]. For convenience, the finite version of Ramsey’s

theorem is repeated here.

Theorem (Ramsey’s theorem, given as Theorem [1.2.3)). For all m,k,r € Z*, there
exists a least integer n = Ry(m;r) such that for every n-set N, and for every r-
colouring A : [N)* — [1,7], there exists M € [N]™ such that [M]* is monochromatic.

11
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The purpose of this chapter is to present three proofs of Ramsey’s theorem for finite
sets (none of which seem to follow Ramsey’s original proof of Ramsey’s theorem for
finite sets), a proof of Ramsey’s theorem for infinite sets, a closely related problem
in geometry (known as the “n-gon problem”), and the Paris-Harrington theorem, a
generalization of Ramsey’s theorem which demonstrates a surprising fact from logic
that there are statements true in Peano arithmetic that are not provable within

Peano arithmetic.

2.2 Direct proof by induction

The idea in the following first proof of Ramsey’s theorem (for finite sets), follows the
same idea as the original proof of Ramsey’s theorem for infinite sets, and therefore,
this proof is usually attributed to Ramsey himself, though he did not explicitly

present it.

First proof of Ramsey’s theorem (as given by Nesetfil [102, p. 1334]). This
proof of Ramsey’s theorem is by induction on k. For each k € Z7T, let S(k) be the
statement that for all m,r € Z*, Rx(m;r) exists (note that when m =1 or r = 1,

the theorem is trivial, so one can assume that m > 2 and r > 2).

Base Case: By the pigeonhole principle, Ry(m;r) = r(m — 1) + 1, and therefore
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S(1) holds.

Inductive Step: Let k > 2, and assume that S(k — 1) holds. Let m,r € Z and
let t = Ry(m;r). For ¢ € [1,t], define s; recursively by setting s; = 1, and for each

i€ [l,t—1], let s;41 = Rk—1(s;;7) + 1. It suffices to show that Ri(m;r) < s;.

Let n = s;, let N be a well-ordered n-set, and let A : [N]* — [1,7]. In this proof,
aset Y = {y1 < ya < -+ < y;} € [N]" is constructed inductively so that there
exists a set Y’ € [Y]™ that is monochromatic under A. Let y; = min N, and
define Ay : [N\ {y1}]*! — [1,7] by Aj(A) = A(AU {y1}). By the definition of
n = Ri_1(st—1;7) + 1, there exists a set X7 C N \ {y1} such that | X;| = s;_; and

[X;]*~! is monochromatic in the colour ¢; under A;.

Let i € [1,t — 1], and assume that y,...,y;, € N, ¢q,...,¢; € [1,r], and X; C --- C
X; € N have already been defined such that | X;| = s;—; = Rp_1(si—i_1;7) + 1.
Let y;11 = minX;, and define Ay @ [X; \ {1}t — [1,7] by A (X) =
A(X U{y;41}). Then by the definition of s;_;, there exists X;11 C X; \ {yi11} such
that | X;41] = s,—s_1 and [X;1]F7! is monochromatic in the colour ¢;; under A, ;.

This completes the inductive definition of Y = {y1,ya, ...,y } (see Figure 2.1)).

Let Ay : Y — [1,r] be defined by Ay (y;) = ¢;. Then by the definition of ¢, there
exists Y/ C Y, |Y'| = m, such that Y’ is monochromatic under Ay. Then by the

construction of the y;’s, [Y’]* is monochromatic under A. ]
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N X X X}H
ARz

Figure 2.1: Constructing the set {y1,vys,...}

2.3 Ramsey’s theorem for infinite sets

Ramsey’s theorem for infinite sets is restated for convenience, and is proved in this
section. The proof given here nearly duplicates the first proof of Ramsey’s theorem

given in Section 2.2.

Theorem (Ramsey’s theorem for infinite sets, given as Theorem [1.2.4). For every
k,r € ZF, every infinite set X, and every A : [X|* — [1,r], there exists an infinite
set Y C X such that [Y]* is monochromatic.

Proof. This proof is by induction on k. For any k € Z*, let S(k) be the statement
that for all » € Z*, for any countably infinite set X, and for every r-colouring

A ¢ [X]®F — [1,7], there exists an infinite set Y C X such that A is constant on

[Y]".

Base Case: The statement S(1) is the infinite pigeonhole principle, and thus S(1)

holds.

Inductive Step: Let k > 1, and assume that S(k) holds. It remains to show that



2.3. Ramsey’s theorem for infinite sets 15

S(k+1) holds. Let X = {z; <x9 <23 <---} be a countable well-ordered infinite
set. Let A : [X]*! — [1,7]. An infinite sequence of vertices yi,92,... € X is
constructed inductively such that Y = {y;,ys,...} contains an infinite set Y’ such

that [Y’]*! is monochromatic under A.

Let y; = ;. Define the colouring Ay : [X \ {y1}]¥ — [1,7] as follows: for P €
(X \ {y1}]*, A(P) = A(PU{y,}). Then, since S(k) is true, there exists an infinite
set X; € X \ {51} such that A; is constant on [X;]¥, and therefore A is constant,

in say colour ¢, on {AU{y;}: A € [X1]*}.

Let 7 > 1, and assume that y;, X;, ¢;, and A; have already been defined. Let y;q
be the least element in X;. Define the colouring Ajy; : [X; \ {yjs1 1 — [1,7] as
follows: for P € [X; \ {yj41}]*, let A;11(P) = A(P U {yjs1}). Then since S(k) is
true, there exists an infinite set X;1; C X; \ {y;41} such that A, is constant on
[X; 1], and therefore A is constant on {AU{y;.1} : A € [X;41]*}. This completes

the inductive construction.

Let Y = {y1,v2,...}, and let Ay : Y — [1,7] be defined as Ay (y;) = ¢;. By the
infinite pigeonhole principle, there exists an infinite set Y’ C Y monochromatic

under Ay. By the construction of the y;’s, A is constant on [Y']*™!. Therefore

S(k + 1) holds.

Therefore by mathematical induction, for all n € Z*, S(n) holds. O
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Ramsey’s theorem for infinite sets can be reworded in terms of graph theory. Let

Ky, denote the complete graph with a countably infinite vertex set.

Theorem (Ramsey’s theorem for infinite sets-restated for graphs). For all k,r €

Z+7 KNO - (KN0>7I“{]€'

2.4 Two colours implies r colours

In order to simplify the next two proofs of Ramsey’s theorem, the following propo-
sition is presented first. The proof uses a so-called “colour grouping” argument. For

convenience, let Ri(m) denote Ry(m;2).

Proposition 2.4.1 (Ramsey, 1930 [126]). Let k € Z*. If for all m € Z*, Ri(m)

exists, then for all v > 2, Ry(m;r) exists as well.

Proof. Let k € Z', and assume that for all m € Z*, Ri(m) exists. The proof of
Proposition 2.4.1] is by induction on r. For any r > 2, let S(r) be the statement

that for all m € Z*, Ry(m;r) exists.
Base Case: The above assumption is exactly S(2).

Inductive Step: Let r > 2, and assume that S(r) holds. By S(2), let M = Ry(m),
and by S(r), let n = Ri(M;r). To show that Ry(m;r + 1) exists, it suffices to

show that for n = Ry(M;r), that n — (m)%,,. Let X be any n-set, and let
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A [X]* — [1,r + 1]. Define A" : [X]¥ — [1,7] by

A(T) it A(T) € [1,r —1],
A(T) =

T if A(T) € [r,r+1].
By definition of n, there exists an Y € [X]™ and i € [1,r] such that [Y]* is mono-
chromatic in the i-th colour. If i € [1,7 — 1], then [Y]* is monochromatic under
A as well, which is more than sufficient to prove the proposition. If ¢ = r, then
A restricted to [Y]* is a 2-colouring, and by the definition of M, there exists a

Y’ € [Y]™ monochromatic under A. Therefore S(r + 1) holds.
Thus by induction, for all r € Z*, S(r) holds. O
Proposition 2.4.1 shows that, in order to prove Ramsey’s theorem, it suffices to

prove only the r = 2 case. The above colour graphing argument is commonly used

in Ramsey theory and can be used in many other situations.

2.5 Infinite implies finite

A second proof of Ramsey’s theorem that uses Ramsey’s theorem for infinite sets,
together with a standard theorem from graph theory known as Konig’s infinity

lemma, is presented here.
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Recall that an infinite tree is locally finite if and only if the degree of every vertex
is finite. For the definition of a rooted tree, and other standard definitions in graph

theory, the reader is referred to Appendix A.

Theorem 2.5.1 (Konig's infinity lemma, 1927 [86]). Every infinite locally finite

rooted tree contains an infinite path starting from the root.

Proof. Let T be an infinite locally finite tree, rooted at v;. By the infinite pigeon-
hole principle, at least one branch of T' (a component of T'\ {v;}), call it T3, is
infinite. Let vy be the vertex in N(vy) N V(T71). Then T; is an infinite locally finite

tree rooted at v,.

Let £ > 1, and assume that the path vq,...,v; has already been constructed, and
the infinite locally finite tree Tj_; has been defined, rooted at vy. By the infinite
pigeonhole principle, at least one branch of Ty 4, call it T}, is infinite. Let vy be
the vertex in N(vg) N V(7). This completes the inductive construction, and the

set {vy, vy, ...} forms an infinite path starting at the root. O

The following proof seems to have been first mentioned by Erdds and Szekeres [48]

in 1935.

Second proof of Ramsey’s theorem. By Proposition 2.4.1} it suffices to prove

the 7 = 2 case. Let k,m € Z*. For any set X, and any 2-colouring A : [X]¥ —
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{red,blue}, A is a bad colouring of X iff there is no M € [X]™ monochromatic
under A. By Ramsey’s theorem for infinite sets, there are no bad colourings when

X is an infinite set.

Assume that for some particular k,m € Z*, Ry(m) does not exist. Then for any
finite set X, there exists a bad colouring of X (by definition, the “empty colouring”,
the colouring which has the empty set as its domain, is also considered a bad
colouring). Consider the sets {[1,n] : n € Z*}. For any bad colouring A on [1,n]*,

A" = Al 1+ is a bad colouring on [1,n — 1]*¥. Let T be the tree on the vertex set
V(T) ={A: Ais a bad colouring on [1,t], t € Z* U {0}},

rooted at the empty colouring, with edge set defined as follows: if for some 7, j € ZT,
i < j, Ay is a bad colouring on [1,i] and A, is a bad colouring on [1,j], then
{A1,Ax} € E(T) if and only if j =i+ 1 and As|p = Ay Then 7' is an infinite lo-
cally finite rooted tree. Therefore by Konig’s infinity lemma (Theorem 2.5.1), there
exists an infinite path Ag, Ay, ... starting at the root (the empty colouring). This
infinite branch corresponds to a bad colouring A, : ZT — {red, blue}, which ex-
tends each of the bad colourings Ag, Ay, .... The existence of A, is a contradiction

to Ramsey’s theorem for infinite sets (Theorem [1.2.4). O
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2.6 The off-diagonal Ramsey numbers

The next proof of Ramsey’s theorem presented in Section 2.7/ involves the following
generalizations of the Ramsey arrow for integers, and the Ramsey number Ry(m).
For n,k,a,b € Z*, write n — (a,b)} if for any n-set X, and for any 2-colouring
A : [X]¥ — {red, blue}, there exists either A € [X]® such that [A]* is monochromatic
red, or B € [X]® such that [B]* is monochromatic blue. Let Rjy(a,b) denote the
least n (if it exists) such that n — (a,b)k. When a # b, the numbers Ry (a,b) are
sometimes referred to as the “off-diagonal” Ramsey numbers (note that Ry(m) =
Ri.(m,m)). The following equivalent off-diagonal version of Ramsey’s theorem is

proved below (the k = 2 case on page 23, and the general case on page 24)).

Theorem 2.6.1 (Ramsey’s theorem-off-diagonal version). For all k,a,b € Z*,

Ry(a,b) exists.

Proving Theorem 2.6.1] proves Ramsey’s theorem since for all k,m € Z*, Ry(m) =
Ry (m,m), and Ramsey’s theorem implies the off-diagonal version since for all a,b €

Z*, Rg(a,b) < Rg(max{a,b}).

The off-diagonal version of Ramsey’s theorem can be restated for graphs. For graphs
G and H, let (g) denote the set of weak (not necessarily induced) subgraphs of G

that are isomorphic to H (see Appendix Al for further graph theoretic notation).

G

H) is used to denote the set of induced subgraphs of GG

Note that in some works (
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isomorphic to H (see e.g., [102]).
For any graphs F, Gy, Gy and H, write
F— (Gl, GQ)?

if for every A : (}}) — {red, blue}, there exists either G} € (51 ) such that ((;}1)

F

G2) such that (i}’) is monochromatic

is monochromatic red, or there exists G € (
blue. One can say that “G is monochromatic” when what is meant is that (g) is

monochromatic.

Theorem (Theorem 2.6.1—restated for graphs). For all k,a,b € Z*, there exists

a least n = Ri(a,b) such that K,, — (K, Kb)f’“.

2.7 The Erdos-Szekeres recursion

Using the off-diagonal generalization of the Ramsey numbers defined in Section 2.6,
Erdos and Szekeres produced the following recursive bound, presented first for the
k = 2 case (which corresponds to the colouring of edges), and then for the general k
case. Abbreviate Ry(a,b) by simply R(a,b), the most studied off-diagonal Ramsey

numbers.
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2.7.1 Colouring edges

Theorem 2.7.1 (Erdds-Szekeres recursion (k = 2 version), 1935 [48]). Let a,b €

Z*t, a,b>2. If R(a,b—1) and R(a — 1,b) both exist, then
R(a,b) < R(a,b—1) + R(a— 1,b).
Proof. Assume R(a,b—1) and R(a — 1,b) exist. Let n = R(a,b— 1)+ R(a—1,b).

It suffices to show that

K, — (K,, K, (2.1)

Let A : E(K,,) — {red, blue}, and fix some v € V(K,). Let X and Y be the sets

of vertices attached to v by red and blue edges respectively (see Figure 2.2).

Figure 2.2: Proving the Erdos-Szekeres recursion

If | X| > R(a—1,b), then X either contains a blue K}, in which case (2.1)) is satisfied,
or ared K, 1, which with v forms a red K, and (2.1)) is again satisfied. So assume

| X| < R(a—1,b). Then

V] =n—1—-|X|=R(ab—1)+Rla—1,b) — 1 —|X| > R(a,b—1) — 1,
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and therefore |Y| > R(a,b — 1). So, Y contains either a red K,, and (2.1) is
satisfied, or a blue K, ;, which with v forms a blue K}, again satisfying (2.1).

Therefore K,, — (K,, K,)52. O

Proof of k = 2 case of Ramsey’s theorem (Due to Erdés and Szekeres, 1935
[48]). The proof is by induction on a+b. For any n € Z*, n > 4, let S(n) denote the
statement that for all a,b € Z* such that a + b =n, R(a,b) exists. If for all n > 4,
S(n) holds, then since for any m > 2, Ry(m;2) = R(m,m), Ramsey’s theorem (for

k = 2) would hold as well.

Base case: When min{a,b} < 2, the theorem is a triviality. When min{a, b} = 2

(which includes the case a + b = 4), R(a,b) = max{a,b}. Therefore S(4) holds.

Inductive Step: Let n > 4, and assume that S(n) holds. Let a,b > 2 be such that
a+b=n+1. Then by S(n), both R(a — 1,b) and R(a,b — 1) exist, and by the

Erdés-Szekeres recursion,
R(a,b) < R(a—1,b) + R(a,b—1).
Therefore R(a,b) exists, and S(n + 1) holds.

By mathematical induction, for all n > 4, S(n) holds, which proves the theorem. [
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2.7.2 Colouring larger complete graphs

The Erdos-Szekeres recursion was originally published in the following more general

version.

Theorem 2.7.2 (Erdds-Szekeres recursion (general version), 1935 [48]). Leta,b, k €

Z*t. If Rx_1(Rg(a — 1,b), Ri(a,b — 1)) exists, then

Rk(a, b) S Rk_1<Rk(6L - 1, b), Rk(a, b— 1)) + 1.

Proof. Assume that Ry_1(Rk(a — 1,b), Rr(a,b — 1)) exists. Set p = Ri(a — 1,b),
q = Rp(a,b—1), n = Ry_1(p,q) + 1, and let X be an n-set. Let A : [X]F —
{red, blue}, fix v € X, and define a colouring A’ : [X \ {v}]*! — {red, blue} by
A'(T) = A(T U {v}). By the definition of n, either (a) there exists Y € [X \ {v}]?
such that [Y]*~! is monochromatic red under A/, or (b) there exists Z € [X \ {v}]?

such that [Z]*~! is monochromatic blue under A'.

If (a) holds, then by definition of p, it can be assumed that there exists Y’ € [Y]¢!
such that [Y’]* is monochromatic under A. But then Y’ U {v} is an a-set such that
[Y"U {v}]*¥ is monochromatic red under A. The same argument works if (b) holds,

except replacing Y, p, and a by Z, ¢, and b respectively. O]

Third Proof of Ramsey’s theorem (Due to Erdds and Szekeres, 1935 [48]). The

proof is by induction on k and a+b. For any fixed k,m € Z*, m > 4, let S(k,m) be
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the statement that for all a,b > 2 such that a + b = m, Ri(a,b) exists. As before,
if for any m > 4 and k € Z*, S(k,m) holds, then since Ry(m;2) = Ry(m,m),

Ramsey’s theorem would also hold.

Base Cases: By the pigeonhole principle, for all a,b > 2, Ry(a,b) = a + b — 1,
and so for all m > 4, S(1,m) holds. For all £k € Z*, if min{a,b} < k, then

Ri(a,b) = min{a, b}. Therefore for all k,m € Z* such that m < 2k, S(k, m) holds.

Inductive Step: Let k > 1, m > max{2k, 5}, and assume that

S(k,m — 1) holds, and (2.2)

for all m" >4, S(k —1,m’) holds. (2.3)

Let a,b > 2 be such that a + b = m. Then by Theorem 2.7.2,

Rk(a, b) S Rk_l(Rk(CL — 1, b), Rk(a, b— 1)) + 1. (24)

By (2.2), Ri(a—1,b) and Rg(a,b— 1) both exist, and thus by (2.3)), the right hand

side of (2.4)) exists. Therefore Ry (a,b) exists, and thus S(k, m) holds.

Thus by induction, for all k,m € Z*, m > 4, S(k,m) holds, which proves the

theorem. []
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2.8 The n-gon problem

In 1935, Ramsey’s theorem was applied by Erdds and Szekeres [48] in a geometric
setting, which, according to a number of authors (see, e.g., [65, p. 25] and [121])
helped Ramsey’s theorem grow in popularity among mathematicians in fields other

than logic.

For purposes here, A C R? is a polygon iff A is connected, is bounded by a closed
sequence of finitely many straight line segments, and A contains its boundary. For
this discussion, a polygon also contains its interior. A polygon A is said to be
convex iff for every x,y € A, the line segment connecting x and y is contained
entirely within A. That is, A is convex iff for every z,y € A and every A € R
with 0 < A < 1, de + (1 — Ny € A. Given a set of points P, the convexr hull
of P is the intersection of all convex sets containing every point in P, and so is
the smallest polygon containing every point in P. A set of points is said to be in
general position iff no three points are collinear. E. Klein proposed and proved the

following proposition (as recorded in Erdés and Szekeres’ paper [48]).

Proposition 2.8.1. Given any five points in the plane in general position, some
four form a convex quadrilateral (that is, the convex hull of some four is a convex

quadrilateral).

Proof. Since there are three non-collinear points, the convex hull of any five points
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is a polygon with at least three sides. There are three cases, as shown in Figure 2.3l

If the convex hull is either a quadrilateral or a pentagon, there is nothing to prove.

@ Convex Hull

N

Convex Quadrilateral

Figure 2.3: Any five points in general position contain a convex quadrilateral

Otherwise, the convex hull is a triangle. Let A, B, C' be the vertices of this triangle,
and let D and E be the two other points (contained in the interior of the triangle).
Then two vertices of the triangle, say A and B, are on the same side of the line DFE,

and therefore there is a convex quadrilateral on the vertices A, B, D, and E. [

According to [48], the following was suggested by Klein, and proved in the affirma-

tive by Erdés and Szekeres.

Theorem 2.8.2 (Erdés and Szekeres, 1935 [48]). For any m € Z*, there ezists a
least integer n = ES(m) such that for any n points in the plane in general position,

some m points form a convex m-gon.

Four proofs are presented here, the first of which is a direct proof, while the other

three use Ramsey’s theorem.
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First proof of Theorem 2.8.2/ (Due to Erdds and Szekeres, 1935 [48]). For two
points in R? P; = (z1,y1) and P, = (x9,y2) where z; # x», let m(P;, P,) denote the
slope of the line through P, and P, i.e.,

To — X1

Let C = {Py,..., P} be a set of points in R? sorted by ascending x-coordinates
(without loss of generality, by tilting, it may be assumed that the x-coordinates of

the points in C' are all distinct). If for each i € [1,k — 2],
m(P;, Piy1) > m(Pit1, Pita),

then C is said to be a k-cap. If for all i € [1,k — 2],
m(F;, Pip1) <m(Piy, Piya),

then C' is said to be a k-cup. Let f(i,k) denote the least n € Z* (if any exists)
such that given any n points in general position, some ¢ of them form an i-cup, or
some k of them form a k-cap. If for some m € Z*, f(m,m) exists, then since any

cup or cap can be made into a convex polygon by joining the first and last points,

it follows that ES(m) < f(m,m).

Claim. For all i,5 € Z%,i,5 >4, f(i,j) < fi—1,7)+ f(i,7—1) — 1.

Proof of Claim. Let i,j > 4, assume f(i — 1,j) and f(i,7 — 1) exist, and let n =

f(i—=1,7)+f(i,7—1)—1. Let p1, ..., p, be any n points in R?, ordered by ascending
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x-coordinates. In an effort to prove the claim, a set of points {vq,..., v -1)} C

{p1,...,pn} is first constructed inductively.

If the points py,...,psi-1,5) do not contain some j points that form a j-cap, then
there exists 3} < ... <}, € [L, f(i—1,j)] such that pgi,...,pg  form an (i —1)-

cup. Let vy = pg .

Let k € [1, f(i,j — 1) — 1], and assume that v has already been defined. Assume
the set of points {p1,...,pr6-1,5)+%} \ {v1,...,vx} does not contain some j points

that form a j-cap. Then since

|{p17 cee pr(i—l,j)-f—k?} \ {Ulv cee JUk}| = f(Z - 17j)7

there exists B < ... < B such that Pgi+ts -+ Pgrta form an (1 — 1)-cup. Let

Vi1 = p,@f_*f .

Having defined the points {vi,...,vsuj-1)}, each an end point of some (i — 1)-cup,
assume that no ¢ points in {v1,...,vs; -1} produce an i-cup. Then there exist
{ri,..omimy S H{vr, .o vp, -1} that form a (j — 1)-cap. Let {¢,...,¢;—1} be an
(¢ — 1)-cup such that ¢;_; = r; (see Figure 2.4)). If the slope from 7y to ry is greater
than the slope from ¢;_» to ry, then q,...,¢;_2,¢;_1,72 is an i-cup. Otherwise

¢i—2,Gi—1,T2,.-.,7j—1 is a j-cap. This proves the claim.

A simple inductive argument using the base case f(3,m) = f(m,3) = m now
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Te ° e
"20 ®i
q]. ,:"’
9.~
q,e
o ®q..

Figure 2.4: The points ¢i,...,¢—1 and r,...,7;1

shows that for all 4,5 € Z*, 4,5 > 3, f(i,J) exists and is finite. Therefore, since

ES(m) < f(m,m), ES(m) exists and is finite for all m € Z*. O

Second proof of Theorem [2.8.2 (Due to Erdés and Szekeres, 1935 [48]). Fix
m € Z*, and let n = Ry(5,m). Fix any n points in the plane in general posi-
tion, and let A be a 2-colouring of the four element subsets of points defined by
A({a,b,c,d}) = blueif {a, b, c,d} forms a convex quadrilateral, A({a, b, ¢, d}) = red
otherwise. Consider any five points among the n. Among these five points, by
Proposition 2.8.1, some four form a convex quadrilateral, and therefore some four
are coloured blue. Thus, there can be no set of five points with all 4-element subsets
coloured red. Then, by the choice of n, there are m points py, ..., pn, every four of

which form a convex quadrilateral.

In hopes of a contradiction, assume that pq,...,p, do not form a convex m-gon.

Then one point, call it p*, would be contained in the interior of the convex hull of
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these m points, and therefore, within the interior of the convex hull of some three
points, call them ¢, r, and s. Then p*, ¢, r, and s do not form a convex quadrilateral,

a contradiction. O

A proof by Michael Tarsy was presented by M. Lewin in 1976 [90]. Lewin writes
that Tarsy, an undergraduate student at Technion Israel Institute of Technology in
Lewin’s combinatorics class, was asked to prove the Erdds-Szekeres n-gon theorem
on his exam. The class had been shown the above proof due to Erdés and Szekeres
(using R4(5,m)), but Tarsy was “fortunately” [65, p. 26] absent from class that

day.

Third proof of Theorem 2.8.2 (Due to Tarsy, see [90, p. 136]). Let m > 2, let
n = R3(m;2), and let V' = {vq,...,v,} be a set of n points in the plane in general
position. For i < j < k € [1,n], let (v;,vj,v;) denote the triangle with vertices
v;, v;, and v. Call the triangle (v;,v;,v;) a counter clockwise (ccw) triangle if
v;, vj, and vy, occur in counterclockwise orientation, and a clockwise (cw) triangle
otherwise. Define A : [V]* — {red,blue} by colouring the triple {v;, v;, v} red if

(vi,vj,vx) is a ccw triangle, and blue otherwise.

By Ramsey’s theorem, there exists M € [V]™ such that each triangle in M has the
same orientation, say all triangles are ccw. Assume these m points do not form a

convex m-gon. Then for some a,b, ¢, d € [1,n], vq lies inside the triangle (vg, vy, V).
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Without loss of generality, assume that a < b < c.

Y,

[V

Ve *V,

Figure 2.5: The ccw triangle (v, vy, v.) containing vg.

In order that the points v,, v., and vy form a ccw triangle, either (i) a < d < ¢,
or (ii) d < ¢ < a or (iii) ¢ < a < d. Neither (i) nor (i) can hold since a < ¢,
and therefore a < d < c¢. In the same way, in order that v,, v, and vy form a ccw
triangle, either (iv) a < b < d, (v) b < d < a, or (vi) d < a <b. By (i), a < d,
and so neither (v) or (vi) hold. Therefore a < b < d. However, b < d implies that

a < b<d<c, implying that (vy, vg4,v.) is a ccw triangle, which is not true.

Therefore the points in M form a convex m-gon. m

Fourth proof of Theorem 2.8.2/ (Due to Johnson [78]). Let m € Z*, let n =

Rs(m), and let V' be a set of n points in the plane in general position. For any

a,b,c € V, let N(a,b,c) denote the number of elements of V' inside the triangle
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formed by vertices a, b, and ¢. Define A : [V]* — {red, blue} by

red if N(a,b,c) is even,
A({a,b,c}) =
blue if N(a,b,c) is odd.
Then by the choice of n, there exists an m-set M such that A is constant on [M]3.

If the points of M did not form a convex m-gon, there would exist a,b,c,d € M

such that d is inside the triangle formed by a, b, ¢, in which case
N(a,b,c) = N(a,b,d) + N(a,c,d) + N(b,c,d) + 1. (2.5)
Since A is constant on [M]?, N(a,b,d), N(a,c,d), N(b,c,d), and N(a,b,c) are all

the same parity, an impossibility by equation (2.5)." O

Corollary 2.8.3. For allm € Z*, ES(m) < min{R3(m), Ry(m,5)}.

2.9 The Paris-Harrington theorem

The following theorem of J. Paris and L. Harrington generalizes Ramsey’s theorem,
and is notable as a statement true in Peano arithmetic, but is not provable within

Peano arithmetic (see [65, p. 170] for details). Much of the proof given here

!The last three proofs show that Ramsey’s theorem implies the Erdés-Szekeres n-gon theorem.
It has been suggested that the Erdés-Szekeres n-gon theorem implies Ramsey’s theorem (at least

in the k = 2 case), though at present I have been unable to find a proof of this fact.



2.9. The Paris-Harrington theorem 34

duplicates the second proof of Ramsey’s theorem (see Section 2.5). Define a set S C
Z7 to be large iff |S| > min S. For example, {3,6,7,10} is large, but {9, 15,22, 34}

is not.

Theorem 2.9.1 (Paris and Harrington, 1977 [116]). Let k,r,s € Z*. Then there
exists n € Z* such that for any A : [1,n]k — [1,7], there exists a large S C [1,n]

with |S| > s such that A is constant on [S]*.

Proof. In hopes of a contradiction, assume for all finite n, there exists an r-
colouring A : [1,n]* — [1,7] such that every large set of order at least s is not

monochromatic under A. Call such a colouring a bad colouring of [1,n]*.

Let A : [ZT]* — [1,7]. By Ramsey’s theorem for infinite sets (Theorem [1.2.4),
there exists T C Z* such that |T| = |Z"|, and A is constant on [T]*. Let n =
max{s,min7T}, and let S be the first n elements of T. Then S is a large set,

monochromatic under A, and therefore there is no bad colouring of [Z*1]*.
Let
V ={A: Ais a bad colouring of [1,n)*, n € Z" U {0}}.
Note that if A is a bad colouring of [1,n]", then Al;,, 1 is also a bad colouring.

Note also that the empty colouring is a bad colouring.

Let E C [V]? be defined as follows: for i < j, a bad colouring A; of [1,i]*, and a

bad colouring A; of [1,5]¥, let {A;, A;} € Eiff j =i+ 1 and Aj| 0 = A;. Then
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(V, E) is an infinite locally finite tree, rooted at the empty colouring. By Konig’s
infinity lemma (Theorem [2.5.1), there exists an infinite path Ay, Ay, ... starting at
the root. This infinite path corresponds to a bad colouring A, : [Z1]F — [1,7],

which extends each colouring Ag, Ay, ..., but this was shown to be impossible. [



Chapter 3

Traditional Ramsey numbers

Recall that (see Theorem [1.2.3) Ry(m;r) is the least integer n such that for every
n-set N, and for every r-colouring A : [N]* — [1,r], there exists M € [N]™ such
that [M]* is monochromatic under A. In Chapter 2, the off-diagonal generalization
Ry(a,b) was also defined, and both Ry(m;r) and Ry (a,b) were shown to exist. The

focus of this chapter is to survey results on bounding Ry(m;r) and Ry(a,b).

3.1 Exact Values

Before presenting some of the few known non-trivial values for the numbers Ry (m;r),

and Ry (a,b), some trivial cases are exhibited.

36
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3.1.1 Trivial cases

There are a number of trivial values and bounds that can be determined immediately
using the definition of the Ramsey numbers. The following two (trivial) values are

direct consequences of the pigeonhole principle.
Observation 3.1.1. For all m,r € Z*, Ry(m;r) = (m — 1)r + 1.

Observation 3.1.2. For all a,b € Z*, Ri(a,b) =a+b— 1.

The next two cases cover some vacuous cases. When k > m, Ry(m;r) is defined
as the least integer n so that for every n-set N, and every A : [N]* — [1,7], there
exists M € [N]™ such that [M]* (= 0) is monochromatic under A. We say that,
vacuously, every M € [N]™ is such that [M]* is monochromatic under A, and
therefore Ry(m;r) = m. The following observations sum up these vacuous cases, in

both the diagonal and off-diagonal cases.
Observation 3.1.3. For k,m,r € Z*, if k > m, then Ry(m;r) =m

Observation 3.1.4. For a,b,k € Z*, if k > min{a, b}, then Ry(a,b) = min{a, b},
and if k = min{a, b}, then Ry(a,b) = max{a,b}.
In order to avoid the above trivial situations, one may assume that from now on,

m > k.

Note that the off-diagonal Ramsey numbers are symmetric.
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Lemma 3.1.5. For all a,b,k € Z*, Ri(a,b) = Ry(b,a).

Proof. Let a,b,k € Z". Tt suffices by symmetry to show that Ry(a,b) < Ry(b,a).
Let n = Ry(b,a), let N be an n-set, and let A : [N]® — {red,blue}. Define
A’ 1 [N]F — {blue,red} by A'(X) = red if A(X) = blue, and A'(X) = blue
otherwise. By the definition of n, there is either a set M; € [N]* monochromatic blue
under A’ (and therefore monochromatic red under A), or there is a set M, € [N]*

monochromatic red under A’ (and therefore monochromatic blue under A). ]

All the following bounds are in the & = 2 case. Recall that R(a,b) = Rs(a,b).
An independent set of vertices in a graph is a set of vertices containing no edge.
To show that R(a,b) > k, it suffices to exhibit a 2-colouring of the edges of Kj
containing no red K, and no blue K, or, equivalently, to exhibit a K,-free graph

G on k vertices such that there is no independent set with b vertices.

To show that R(a,b) < ¢, it suffices to prove that for every 2-colouring of the
edges of Ky, there is either a monochromatic red K, or a monochromatic blue Kj,
or, equivalently, to prove that every K,-free graph on ¢ vertices must contain an

independent set of order b.
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3.1.2 The party problem

The following problem is now folklore in graph Ramsey theory.

The Party Problem. Prove that at a party of six people, either there are three

mutual acquaintances or there are three mutual strangers.

The party problem was on the 13th William Lowell Putnam Mathematical Compe-
tition in 1953, and in The American Mathematical Monthly, in 1958 [50]. Assuming
that “knowing” people is a symmetric relation (where in real life it’s not), solving
the party problem is equivalent to the graph Ramsey theory problem of showing
that no matter how the edges of Kg are coloured with two colours (colouring an
edge red, say, if two people are acquaintances, and blue if they are strangers), one

colour class must contain a triangle, i.e., R(3,3) < 6. In fact, R(3,3) = 6.
Theorem 3.1.6. R(3,3) = 6.

Proof. To show that R(3,3) > 5, let A be the colouring of E(Kj5) shown in
Figure 3.1 (dashed lines represent edges coloured blue and solid lines represent

edges coloured red). Every triangle (copy of K3) in K5 under A contains two edges

that are different colours. Therefore K5 —/+ (K3)5?, showing R(3,3) > 5.

To show that R(3,3) < 6, let A : E(Kg) — {red,blue}. Let V(Ks) = {v,a,b,c,z,y}.
By the pigeonhole principle, at least three of the five edges attached to v, say {v,a},

{v,b}, and {v, c}, are coloured the same. Without loss of generality, assume these
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Figure 3.1: A colouring of E(Kj) containing no monochromatic triangle.

v
b d
[ [ ]
A&:--1---»C
~ s
~ -
~ 7z
\./

Figure 3.2: The party problem

three edges are all coloured red. If any one of {a,b}, {b,c}, or {a,c} is coloured
red, then a red triangle is formed. Otherwise, {a, b}, {b, c}, and {a,c} are all blue,
and together they form a blue triangle (see Figure 3.2). Therefore Ky — (K3)5?,

showing that R(3,3) < 6. O

3.1.3 R(3,4) =9

Theorem 3.1.7 (Greenwood and Gleason, 1955 [67]). R(3,4) = 9.

Proof. To see why R(3,4) > 8, consider the following graph G and its complement:
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S
\ \//

G G

By inspection one can verify that there are no triangles in G and that there are no

Kys in G. Hence R(3,4) > 8.

To see why R(3,4) < 9, let A : E(Kg) — {red,blue}. For any = € V(Ky), let
A, be the set of vertices connected to x by red edges, and let B, be those vertices

connected to x by blue edges.

If for any x € V(Ky), | B;| > 6, then since R(3,3) = 6, B, must contain either a red
triangle (in which case the theorem is proved), or a blue triangle, which together

with = forms a blue K4 (and the theorem is again proved). Therefore assume that

for every x € V(Ky), |B;| <5.

If for any = € V(Ky), |Az| > 4, then since R(2,4) = 4 (a trivial case covered by
Observation 3.1.4), A, either contains a red edge, which together with x forms a
red triangle (and the theorem is proved), or contains a blue K, (and the theorem

is again proved). Therefore assume that for every x € V(Ky), |A.| < 3.
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Since for every x € V(Ky), |B;| < 5, and |A,| < 3, and |A,| + |B.| = 8, it follows
that |A,| = 3 and |B,| = 5. Let G be the subgraph of Ky on the red edges. Then
G is 3-regular, and by the handshaking lemma (Lemma [A.0.4),

ABG) = Y deglv) = 3|V(G)| =27,
)

veV (G

which is impossible, since |E(G)| is an integer. Therefore it cannot happen that
every vertex of Ky is on exactly three red edges and five blue edges. This proves

the theorem. 0

3.1.4 R(4,4) = 18

Theorem 3.1.8 (Greenwood and Gleason, 1955 [67]). R(4,4) = 18.

Proof. By the Erdés-Szekeres recursion (Theorem 2.7.1)),

R(4,4) < R(3,4) + R(4,3) =9+ 9 = 18.

To show that R(4,4) > 17, first recall that for a prime p, an integer = € [1,p — 1],
x # 0, is a quadratic residue (mod p) if and only if there exists y such that y*> = x
(mod p). Let G be the graph with vertices {0,1,...,16}, and edge set {{i,j} :
i — j is a quadratic residue (mod 17)} (see Figure [3.3). Note that the quadratic

residues modulo 17 are {1,2,4,8,9,13,15,16}.
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Figure 3.3: A graph G showing R(4,4) > 17.

Claim. The graph G contains no Kj.

Proof. Let e = {i,j}, i < j, be any (fixed) edge in G. Note that the function
¥ x +— x — 1 is an isomorphism between G and itself (since {a,b} € E(G) iff a — b
is a quadratic residue (mod 17) iff (a —¢) — (b —7) is a quadratic residue (mod 17)
iff {a —i,b—1i} € E(G)). Therefore, it can be assumed that ¢ = 0. Similarly, for

any two quadratic residues z; and ws, o s also a quadratic residue, and therefore

it can also be assumed that j = 1.

Consider two triangles in G sharing the edge {0, 1}, say 0,1,k and 0,1,j. Then k

and k — 1 are both quadratic residues mod 17, and thus k& € {2,9,16}. Similarly,
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Jj € {2,9,16}. Since none of {2,9}, {9,16}, or {2,16} are edges in G, these two

triangles cannot be contained in some K. Therefore G cannot contain any Kj’s.

To see that G doesn’t contain any K,’s either, notice that G is isomorphic to G, as

exhibited by" the isomorphism f : z +— 3z (mod 17). O]

The graph G used above is an example of a “Paley graph” (see, e.g., [§]). For any
prime power ¢, ¢ = 1 (mod 4), the Paley graph of order q, denoted P,, is the graph
with vertex set [0,¢ — 1] and {z,y} € E(F,) iff x — y is a quadratic residue (mod
q). The requirement that ¢ = 1 (mod 4) ensures that —1 is a square, making i — j
a quadratic residue iff j — ¢ is a quadratic residue, and thus the resulting graph is
undirected. The properties of Paley graphs used above are that Paley graphs are
edge-transitive, that is, for any two edges e; = {x1,y1}, e2 = {22, 92} € E(P,), there
exists an automorphism ¢., ., of P, such that ¢(z;) = x5 and ¢(y1) = o, and that

Paley graphs are self-complimentary, that is, P, & P,.

Lthanks to K. Johannson for showing me this
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3.1.5 Summary of known exact values

4 18 1 25

Table 3.1: Known exact Ramsey numbers R(a,b).

The values in Table 3.1 are the only exact non-trivial values known for the traditional
Ramsey numbers R(a,b). A number of bounds are known for the other values
R(a,b), e.g., some of the best-known bounds on the small diagonal numbers R(a, a)

include the following:

43 < R(5,5) < 49 102 < R(6,6) < 165
205 < R(7,7) < 540 282 < R(8,8) < 1870
565 < R(9,9) < 6588 798 < R(10,10) < 23556

For references and known bounds, see the dynamic survey by Radziszowski [123].

The arrow notation, and the Ramsey numbers Ry (a, b) have a natural generalization

k

+ if for any n-set

to r colours. For k,r,mq,...,m, € Z*, write n — (my,...,m,)
N, and for any A : [N]* — [1,7], there exists i € [1,7], and M; € [N]™ such that

[M;]* is monochromatic in the i-th colour. Let Ry(my,...,m,) be the least integer
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n such that
n— (m,...,m,)"
The values Ri(my,...,m,) do exist since
Ri(my,...,m;) < Ri(max{my,...,m.};r),

but other than trivial values similar to those in Observations [3.1.1 through [3.1.4]
the only value known is Ry(3,3,3) = Ry(3;3) = 17 (due to Greenwood and Glea-

son [67]).

3.2 Erdos-Szekeres upper bound

The Erdés-Szekeres recursion given in Theorem 2.7.2 produces an upper bound on

the Ramsey numbers by induction.

Theorem 3.2.1 (Erdés and Szekeres, 1935 [48]). For allk,{ > 2, R(k, () < (k;:ﬁz)

Proof. The proof of Theorem [3.2.1/is by induction on k+/. For any n € Z*, n > 4,

let S(n) be the statement that for all k, ¢ > 2 such that k+¢ =n, R(k, () < (k;“ﬁz)

Base Case: When k = ¢ = 2, the theorem says that R(2,2) < (23312) = (2) =2,

which is true. Therefore S(4) holds.

Inductive Step: Let m > 4 and assume that S(m) holds. Let k,¢ > 2 be such that
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k+{¢=m+ 1. It remains to show that R(k, () < (k;:ﬁz)

When k = 2, the theorem says that R(2,() < (2;{;2) = (f) = ( which is true.

Therefore the theorem holds whenever k£ = 2 (and, by symmetry, whenever ¢ = 2).

If k,¢ > 3, then

R(k, () < R(k—1,0)+ R(k,0—1) (by the Erdés-Szekeres recursion),
k+¢-3 k+¢—-3
< :
< ( 9 > + ( b1 ) (since S(m) holds),
-2
= (k Z ¢ . ) (by Pascal’s Equality).

Therefore S(m + 1) holds.

By induction, for all n > 4, S(n) holds, proving the theorem. O

In order to compute a closed upper bound on the Ramsey numbers, Stirling’s for-
mula is used. The approximation for n! given by Stirling (see e.g., [143, p. 384]) is

for any n € Z™,

n\" 1 n\" 1
2mn (—) elzntt < nl < V2mn (—) etan
e

(&

Corollary 3.2.2. For all k > 2,

1
R(k, k) < — 2%,
( )‘ME

Proof. Let £k > 2. Then,

2k — 2
R(k, k) < <k _1 ) (by Theorem [3.2.1)
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(2k — 2)!
(k- D)k — 1)

ok — 2\ 22 ) . 2(k—1) 1 ,
< 2w (2k — 2 Bek2) [ I ) (o y s
i )( ¢ > ¢ <k:—1) 2 h—1)°

)@

1 2
) e12(2k—2) p 12(k—1)+1

V2T kE—1

— 922 < ) ( k— 1) 612(2}972>€12(k31)+1
7T

= 22k 1 612(2}“ 2)612<k31)+1
A4 ) \Vk—1
1 1 2
— 22k (_) ( ) e 12(2k—2) e 12(k—1)+1
4\/7
< ( ! ) O
4k

Corollary 3.2.2l has been improved a number of times. In 1986, R6dl presented (but
apparently didn’t publish—see, e.g., [139, p. 509] and [102, p. 1348]) the result

that there exists a constant ¢ such that

(e

(log(k + £ — 2))¢

R(k,0) <

Thomason [139] later published that for some constant ¢, for all k > ¢ > 1

R(k+1,0+1) < e (/2 loshteviosk (k Z g)

I have not worked out the details of how much better Thomason’s bound is than
Corollary 3.2.2, but according to Math Reviews MR968746 (90c:05152) it is often

an improvement.
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3.3 Constructive lower bounds

The following is perhaps one of the earliest known constructive bounds on the

Ramsey numbers (see, e.g., [4]). It could be considered a “folklore” bound.

Theorem 3.3.1. R(k, () > (k—1)({ —1).

Proof. The graph G = ({—1)K}_, contains no K}, and the complement G contains

no K,. O

Recall that given a matrix M, the rank of M, denoted rank(M), is the dimension
of the row space of M. Also recall that for any matrices A and B such that AB

exists, rank(A) > rank(AB) (see, e.g., [56, p. 159]).

Theorem 3.3.2 (Nagy, 1972 [101]). For allt > 3,
t
R(t+1,t+1) > <3>

Proof. Let t > 3, n = (5). Let K, be the complete graph with V(K,) = [1,#].

For X,Y € [1,1]3, colour the edge {X,Y} red if | X NY] =1, and blue otherwise.

Let d be the largest number of vertices in a red clique in K, and let Aq,..., Aq
be the vertices of this red clique. Let vy, ..., vq be 0-1 incidence (or characteristic)
vectors for Ay, ..., Ay respectively (that is, each vi = (v;1,...,v;,) is such that

v;; = 1if j € A;, and 0 otherwise). Then since each characteristic vector contains
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exactly three ones, for all i € [1,d], vi e vi = 3. As well, for all i,j € [1,d], i # j,
since each pair of sets A;, A; intersects at exactly one point, viev; = 1. Let Mgy, be
the matrix with the v;i’s as rows (in order). Then (M M7),,q is the square matrix

with 3’s down the diagonal and 1’s everywhere else. Since M M7 is invertible,
d = rank(MM7") < rank(M) < min{d, t} < t.

Therefore d, the largest number of vertices in a red clique in K,, is at most ¢, and

so there is no red K, in K,.

Let ¢ be the largest number of vertices in a blue clique in K,,, and let By,..., B.
be the vertices of such a clique. Let uy, ..., u. be 0-1 incidence (or characteristic)
vectors for By, ..., B. respectively. Then for all i,5 € [1,¢], i # j, u; @ u; = 3, and
w;eu; is 0 or 2. Let N,y be the matrix with these vectors as rows. Then (NNT)...

mod 2 is the ¢ x ¢ identity matrix. By arguments similar to those above,
¢ = rank(NNT mod 2) < rank(NN7T) < rank(N) < min{c, t} < t.

Then, since c is the largest number of vertices in a blue clique in K,,, there is no
blue K;,1. So since under the defined colouring of K, there is no red K;,; and no

blue K;1, it follows that R(t + 1,t+ 1) > n = (;) ]

Other explicit constructions have been found, including the following by Frankl and

Wilson (proof is omitted):
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. . 3
Theorem 3.3.3 (Frankl and Wilson, 1981 [55]). Let p be a prime. Let n = (p%’_l),
and let K, be the complete graph with vertex set [1,p3]p2_1. Given two sets X,Y €
[1,p]P° 1, colour {X,Y} red if | XNY| = —1 mod p, and blue otherwise. Then for

t= (pp_gl), K, contains no monochromatic copy of K, and thus R(t+ 1,t+1) > n.

I have not determined how much of an improvement Frankl and Wilson’s construc-

tion is over Nagy’s. For further known constructive results, see [4] or [123, p. §].

3.4 Probabilistic lower bounds

3.4.1 The Erdos lower bound

The following are a few basic definitions in probability theory. For a more complete
reference, see [§]. For present purposes, a probability space is a pair (2, P) where € is

a finite set and P : Q — {# € R: 0 < z < 1} is a function such that ) _, P(v) = 1.

If for each v € Q, P(v) ﬁ, then the probability space is uniform. An event is a

subset of €2, and define the probability of an event A as

P(A) =) P(v).

vEA

Note that then P(Q2) = 1.

It is likely that the most widely cited bound on the Ramsey numbers is the following
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theorem due to Erdos, which is also commonly used as a first example illustrating

the power of the “probabilistic method”.

Theorem 3.4.1 (Exdés, 1947 [34]). For n,k € Z+, if (7)2~ () < 1 then

Rk, k) >n+1.

Proof. Let n,k € Z" be such that (2)217(5) < 1. Let € be the set of all graphs
on [1,n], and let (2, P) be the uniform probability space on Q (that is, for every
G e PG = 2*(75)). For any V € [1,n]*, let Ay be the event that either V is
a clique, or that V is an independent set. For each such V| the number of graphs
that have V as a clique (which is 3|Ay|) is 2(3)=(5). Therefore Ay =2- 2(3)-(2),
and so for any V' € [1,n],

PA) =Y PG =Y o-(5) — 9. (2(3)‘(5)) 9-(5) — 91-(5)

GeAy GeAy

Since there are (2) choices for V, the probability that at least one V € [1,n]* is
such that Ay occurs is

Pl U Al Y pan= 21<é>:(z>21<s><1.

Vell,nlk Vel,nlk Ve[l,nlk

Thus, there is a positive probability that no event Ay occurs, and therefore there
exists a graph on n vertices with no k-clique, and no independent set of k vertices.

In other words, R(k,k) > n + 1. O
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Corollary 3.4.2 (Erdés, 1947 [34]). There exists a constant ¢ such that for k > 3,

C
R(k, k) > —= k2"/2.
( ) e\/§

Proof. Let £ > 3, and let

k k!
nt (%
< o2 ()
1 ek _ 1 1 (%) T
< nf—= <—> e THFT 277 \2 (by Stirling’s formula)
2rk \k

1 2y (ThR\E 1 senk ‘
< | —— pkok/2 [ ¥ oRTT (_> ~mr1 91— (5)
- (ek 2k/2 2 ‘ V2rk \k ‘

2 1
_ 2K/ W_]f > 1 217k2/2+k/2

2k/2 2 V2rk
=1
Therefore by Theorem 13.4.1]
1 k [Tk e 1 c k

R(k,k)>n+1>— k22 [ — | eF020 > —— k22, O

eV2 2 eV2

3.4.2 The Lovasz local lemma

The so-called Lovdsz local lemma (or simply local lemma, or LLL) was first presented

and used in a 1975 paper by Erdés and Lovész [44] on extremal problems related to
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the class of k-chromatic r-uniform hypergraphs. The Lovasz local lemma was used
to produce a bound on the Ramsey numbers in the same year by Spencer [132].
The bound produced by the local lemma is only a constant factor better than the

bound given in Corollary [3.4.2.

A few more definitions are needed first. A random wvariable in a probability space
(Q, P) is a function X : Q@ — R. If X : Q — {0,1}, then X is a Bernoulli random

variable. The expected value of a random variable X is defined as

E(X) =) _ X(G)P(G).

GeN

Expectation is linear in the sense that for any two random variables X and Y, and

any a € R, F(aX +Y)=aE(X)+ E(Y).

Given two events A and B in a probability space (€2, P), the conditional probability
of A given B, denoted P(A | B) is defined as

P(ANB)
P(A|B)=—~=
(1B =5
Bayes’ theorem states that for any events A,B, and C,

P(ANB|C)

PAIBOC) =T

and is used repeatedly in what follows.

Two events A and B in some probability space (2, P) are said to be independent

iff P(ANB) = P(A)- P(B). For any k € Z*, and events By, ..., By, an event A
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is mutually independent of the set {By, ..., By} iff A is independent of any boolean
combination of the B;’s; in this case, the property used is that for any I C [1, k],

P (AmﬂBZ-) :P(A)P(ﬂBi).

il i€l

Let Aj,..., A, be events in some probability space (2, P), and let G = (V| E)
be a graph with V(G) = [1,n]. The graph G is said to be a dependency graph
for the events Ay, ..., A, if for each i € [1,n], A; is mutually independent of the
set of events {A; : {i,j} &€ E(G)}. By the definition of a dependency graph, its
vertices must be integers, however the elements of the vertex set are not important
in applications. Therefore, when convenient, a “dependency graph” can refer to
any graph isomorphic to a dependency graph with integer vertices. Recall that in

a graph with vertex i, N(i) is the neighbourhood of i.

Theorem 3.4.3 (Lovasz local lemma, Erdds and Lovasz, 1975 [44]). Let (2, P) be
a finite probability space, and let Ay,..., A, be events in this space. Let G be a
dependency graph for Ay, ..., A, (with V(G) = [1,n]). If there ezist xy,...,x, € R
such that for alli € [1,n], 0 < x; <1, and
P(A) <z [] =),
JEN(7)

then
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Proof. Assume there exist zy,...,z, € R such that for all i € [1,n], 0 < z; < 1,

and

P(A) <a; J] ==y

JEN(3)

In proving Theorem [3.4.3), the following claim is central.

Claim. For all S C [1,n], and for all i & S,

P (AZ- ) ﬂfj) < ;.

jeSs

The proof of this claim is by strong induction on |S|. For any fixed k € [0,n—1], let
MNjes 45) <

x;. To prove the claim, it suffices to show that 7°(0),7(1),...,T'(n — 1) hold.

T(k) be the statement that for all S € [1,n]*, and for all i ¢ S, P (AZ-

Base Case: For k=10, S =0, and for any i € [1,n],

P<A¢ ’ ﬂA_J> =P(A) <z [] Q- <,

jes JEN(i)

and therefore T'(0) holds.

Inductive Step: Let k € [0,n — 2], and assume T'(0),...,T'(k) all hold. Let S €

[1,n)*! and let i € S. Let S; = N(i) NS, Sy =S\ S;. Then

P(Ai QE) = P(Az- j@lA_jﬂﬂA_j)

JES2

— " (Ai A <ﬂjesl A_J> | Mics: A_j> (by Bayes’ theorem)

P (Moo 5 | Myes, 1)
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P (4| Nyes, 45
P (Mes, A | Nyes, A3)
P(4)
P (Njes, A7 | Nyes A3
X HjeN(i)(l — ;)
P (Njes A7 | Nyes A3

IN

If S; = 0, then the denominator is 1, and since ; [ [;c ;) (1 — ;) < i, T'(k) would
hold, so assume S; # (). Without loss of generality, assume that (for some r > 1)
S1=[1,r], and Sy = [r + 1,k + 1]. Then the denominator is

(e109) - (e 9

JES1 JES2 t=r+1

k+1 r k+1
o9 9
1=2 =2

i=r+1
k+1 k+1 T k+1
— p(T ﬂE)P(A_Q ﬂE)P(ﬂE‘ N z)
i=2 i=3 i=3 i=r+1
r - k+1 o
= I[r (Aj‘ N Ai>
J=1 i=j+1
r k+1
J=1 i=j+1

r

[J ==

J=1

v



3.4. Probabilistic lower bounds 58

= JJa-=)

JES1

= J] -
JEN()NS

> ] (==
JEN(3)

Therefore,

p (A- ﬂ A_> < €y HjeN(i)(l - ZEj) < Z; HjEN(i)(l — J,‘j) _
v J] = - - >
jes P(nje& 4; ’ ﬂjESg Aj) HjeN(i)(l — ;)

and so T'(k + 1) holds. Therefore, by mathematical induction, 7°(0),...,T(n — 1)

all hold, and so the claim holds.

To finish proving the theorem, all that is needed are the two laws:

P(ANB) = P(A)-P(B|A) (3.1)
P(ANnB|C) = PA|C)-P(B|ANCQO). (3.2)
Then
P (ﬁz,) _ PP (ﬂ Y A1> (by equation (31)

= P(A) P(Ay|A)-P (ﬁz ‘ A_gﬂA_1> (by equation (3.2))
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> H 1—a;) (by the claim with S = [1,i — 1]). O
1=1
Corollary 3.4.4 (Lovasz local lemma, Symmetric version [132]). Let Ay,..., A,

be events in the probability space (), P), and assume that there exists p such that
0 <p<1andforalie [l,n], P(A;) < p. Let G be a dependency graph for
Ai,...,A,, and let d € ZT be such that the mazimum degree of G is at most d.

Then if ep(d +1) < 1, then P ((_, 4;) >0

Proof. For all i € [1,n], let z; = -+, and assume that ep(d + 1) < 1. Then

+
deg(i)
[l G- = ( d+1>
JEN()
i)
+
B d
Bl d+1
B d+1
B d
— 1+1
B d
= (el
> d—l—l( )@ (since if z > 0, ¢® > 1+ x)
_ b1
 d41le
> p (since ep(d +1) < 1)
> P(4).

Therefore LLL applies, and thus, P (., 4;) > 0. O
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Note: the requirement of Corollary 3.4.4 for ep(d + 1) < 1 has been on occasion

weakened to 4pd < 1 (see, e.g., [134, p. 57]).

3.4.3 Lower bound on R(k, k) using the Lovasz local lemma

Theorem 3.4.5. For any n,k > 2, if

O ()=

then R(k,k) >n+ 1.

Proof. Let n,k > 2, and let A be a random 2-colouring of the edges of K, where

the probability that a given edge is red is % (that is,  is the set of all edge 2-
colourings of K, the probability space (2, P) is the uniform probability space on
2, and A is an element of €2). For each set S of k vertices in K, let Ag be the event

that ( Ii) is monochromatic under A (that is, Ag is the set of edge 2-colourings that

make (Ii) monochromatic). Then
(5)
P(Ag) =2 (1) —21-(3).

If S and T are two sets of k vertices and |S NT| > 2, then Ag and Ar are not

independent. Let G be a dependency graph for the Ag’s. Then each vertex in G is

)G = ()0

connected to at most
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other vertices. Therefore the maximum degree of G is at most (];) (kEQ) -1

Thus by the symmetric Lovasz local lemma (Corollary 3.4.4), if

O ()

then P (ﬂs A_S) > 0, in which case there exists a colouring of the edges of K,

containing no monochromatic k-set, i.e., R(k, k) > n + 1. n

If two real-valued functions on the integers f and g satisfy

then write f(z) = o(g(x)), and say that f is little-oh of g. A function that is o(1)
is then a function that approaches 0. For convenience, the term o(1) is used to

represent an arbitrary function that is o(1). This is a type of “Landau notation”.

Corollary 3.4.6. For all k € Z™,

Rk, k) > \/g k2%2(1 4 o(1)).

Proof. Let k € Z", and assume

O ()

Then solving for (,.",),
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72)]6_2, it suffices to find n such that

(1) i

Then by solving for n and simplifying,

(kn—ez)k_Q = ek(2k(§j 0

k(k—1)

22(-2) k—2
(ek(k — 1))

22(k 2) _ 2)
— n < kzk/2< ’“1 )

Therefore since (k 2) < (

— n < Qkﬂk/?( _%) )
¢ (eh(k — 1))
n Q k/2 0 since lim Qﬁ(l_% =
= n < SR (14o(1) ,}%(ek(k_l));j—ll O

Putting the upper and lower bounds together, there exists some constants ci, co

such that the Ramsey numbers are bounded by

ik 28 < R(k, k) < — 22, (3.3)

Sle

3.4.4 Bounding R(3,t)

By probabilistic methods, Erdds [36] gave a lower bound for R(3,t¢) of the form

(bg 2+ Spencer used the local lemma to get the same result with a simpler proof.
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Lemma 3.4.7 (Spencer, 1977 [133]). If n,t € Z*, p € (0,1), and z,y € [0,1) are
such that

PP <a(l—2)*(1 - y)(?), and (3.4)

t2n

(1-p)6) <y -2 -y»0 (3.5)

hold, then R(3,t) > n.

Proof. Let n,t,p,x,y be as above. Let (€2, P) be the probability space of all edge

2-colourings of K,,, where for any A : E(K,) — {red, blue}, if r = |A~!(red)]|, then
P(A)=p (1-p)).

That is, each edge of K, is independently coloured red with probability p. Let
X = [V(K,)]? Y = [V(K,)]'. For each S € X, let Ag be the event that all the
edges in S are coloured red, and for each T" € ), let By be the event that all the
edges in T are coloured blue. Note that for any S € X, T € Y, P(As) = p*, and

P(Br) = (1-p)),

Let G be the graph with V(G) = XUY such that for any Z,, Z, € V(G), {Z1, Z2} €

E(G) if and only if |Z; N Z| > 2. Then G is a dependency graph for the events
{As: S e X} U{Br: T €)Y}

Let o = |X|, B = |V|, and enumerate {As : S € X} = {Ay,..., A,} and {Br :

T €)Y} ={By,...,Bs}. By the Lovész local lemma (Theorem [3.4.3), if there exist
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T1y- .oy Tas Y1, - .-, Ys € [0,1) such that for all 7 € [1,af,

PA) <z [ a-==) ] -,

AjeNG(A;)NX BjeNg(A;)NY

and for all ¢ € [1, ],

PB)<y [ -z [ -,

A]'GNg(Bi)ﬂX BjENG(Bi)ﬂy

then

implying that there exists a colouring A € 2 exhibiting no monochromatic red K3

and no monochromatic blue K;, and therefore R(3,t) > n.

Note that for every A, € X and every B; € ),

INc(A;)N&X| = 3(n—3) < 3n, (3.6)
t t t t2
|INa(Bj)NX| = <2> (n—1t)+ (3) < <2)n < Tn’ (3.7)
Ne(andl < = (7). 33)
Nom) vl < = (}). 3.9)
Define 1 =z, w3 =x,..., o, =z, and define y; =y, y2 = y,..., ys =y (where

x and y were defined in the statement of the theorem). Then, for any i € [1, «],

P<AZ) = p37

IA

21— 2)* (1 — ) (), (by (3.4))
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< a(l- x)lNc(Ai)ﬁXl(l _ y)lNG(Ai)mM, (by (3.6) and (3.8))
= H (1—ZL‘]‘) H (l_yj)'
AjGNG(AZ‘)ﬂX BjENG(Ai)ﬂy

Similarly, for any i € [1, 5],

t

PB) = (1-pb),

< y(1-2)7 (1 -0, (by (3.5))
< y(1 —z)NeBIn¥l( — ) NalBnV (by (3.7) and (3.9))
=u I -z I -

AjENG(Bi)ﬂX BjENg(Bi)ﬂy

Therefore, the x;’s and the y;’s work, and so by the Lovész local lemma,

Corollary 3.4.8. There exists a constant ¢ such that for any t > 3,

t2
(logt)*’

R(3,t) > ¢

To actually show that R(3,t) > c@, it suffices to show that for any ¢ € Z* and

for n = c(lo’;—i)g, there exist p € (0,1) and x,y € [0,1) such that the inequalities

(3.4) and (3.5) hold. Spencer says that “clementary analysis (and a free weekend!)”

[134, p. 63] can be used to show that n = cﬁ works, and is optimal. I have

personally not worked through these details (see [8, pp. 286-289] for the details).
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Using the same argument as in the proof of Lemma [3.4.7, Spencer also proved the

following generalization.

Theorem 3.4.9 (Spencer, 1977 [133]). For any m € Z*, there exists a constant
¢ = c¢(m) such that for all t > m,

Rlm.t) > c( )((?)1)/(’”2).

logt

5/2
A notable consequence of Theorem [3.4.9 is the bound R(4,t) > ¢ (@) , which,

according to Alon and Spencer [3, p. 68], is still the best known lower bound for

general R(4,t).

In terms of upper bounds, in 1968 Graver and Yackel [66] showed that R(3,t) <

t2

Togi- Graver and Yackel’s bound was later improved by Ajtai, Komlés, and

cloglogt

Szemerédi in 1980 [2], who proved that R(3,t) < c%.

Spencer’s bound for R(3,t) was improved by Kim in 1995 [82] to show that R(3,t) >

2
logt"®

c The result of Ajtai et al., together with Kim’s result, shows that there are
constants ¢; and ¢y such that

2 2

t t
— < R(3,t) < cg—.
Cllogt < R, )_CQIOgt

In other words, the proper order of magnitude was the bound by Ajtai, Komlos,

and Szemerédi.
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3.5 Bounds for Rji(m;2) when k > 2

When colouring general k-tuples, not much is known other than the following bound:

Theorem 3.5.1 (Erdés, 1947 [34] and Erdés, and Rado, 1952 [45]). For any k € Z*,

there exist constants cy1, co depending only on k such that for all m,

acom
261mk71/k! < Rk;(m, 2) < 22" .

Corollary 3.5.2. There exists constants ci, co such that

24" < Ry(m;2) < 227",

For discussion on the origins of Theorem [3.5.1, see [24], p. 30], [38, p. 18], and [43,
p. 140]. For other known bounds on the Ramsey numbers R(a,b) and Ry(m;r),

see, e.g., [123] or [142].



Chapter 4

Weak graph Ramsey numbers

The values R(G; K»;2) are known as the “diagonal weak graph Ramsey numbers”,
and in this chapter an “off-diagonal” analog is also defined. Determining both the
diagonal and off-diagonal values has become an area of considerable study in graph
Ramsey theory since the late 1960s. Much of the work in this field is largely due to
Burr, Chvatal, Erdos, Faudree, Rousseau, and Schelp. This chapter presents some
theorems representative of determining both the on- and off-diagonal weak graph

Ramsey numbers.

68
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4.1 Preliminaries

The reader is referred to Appendix |Al for standard graph theory definitions. For
any graphs G and H, denote the set of weak subgraphs of G isomorphic to H as
(g), that is,

(IG{):{H’QG:H’gH}.

As discussed in the introduction, the standard is often seen as using (g) to denote

instead the set of induced subgraphs of G isomorphic to H (see, e.g., [102]).
For any r € Z*, and any graphs F', G and H, write

F—(G)

T

iff for any r-colouring A : (I};) — [1,r], there exists G’ € (g) such that (g) is
monochromatic under A. Ramsey’s theorem implies that for any k,m,r € Z%,
there exists n = Ry(m;r) such that K, — (K,,)5*. Generalizing the Ramsey

number Ry(m;r), for graphs G, H, and r € Z*, let n = R(G; H;r) be the least

integer (if any exists) such that

K, — (G2

r

The numbers R(G; H;r), when they exist, are graph Ramsey numbers. The follow-

ing observation echoes a statement made in the introduction:
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Observation 4.1.1. For any k,m,r € Z", R(K,,; Ky;r) = Ri(m;r), and for any

graph G on m vertices, R(G; Ky;1) < R(Kp; Ki;r).

This chapter deals strictly in the case when k = 2 (edge colourings). In the same
way the Ramsey numbers were generalized to the “off-diagonal” version Ry (a,b) in
Chapter 3, graph Ramsey numbers can be generalized to off-diagonal versions as

well. Recall from the introduction that for any graphs G; and Gb,
F — (G1,Ga)5”

means that for any 2-colouring A : E(F) — {red, blue}, there exists either G} €
(51) such that F(G)) is monochromatic red, or G} € (C‘Z) such that E(G)) is

monochromatic blue. Let R(G1,G2) be the least integer n such that
Kn — (Gl,GQ)g(Q.

Note that R(Gy,Gs) < R(G1 U Gy; Ks;2), and R(G; Ky;2) = R(G, G).

4.2 Graph Ramsey numbers for paths

One of the earliest theorems regarding the numbers R(G1, G2) determined the exact
value whenever (G; and GGy are both paths. Recall that the number of edges in a
path P is called the length of P, and for any k € Z*, P, denotes a path of length

k (which has k + 1 vertices).
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Theorem 4.2.1 (Gerencsér and Gyérfas, 1967 [57]). For all k, 0 € ZT, k < ¢,

ka1
R(P., P)) = {%J )

and therefore R(Py, Py) = [2k] .

2
Proof. To see that R(Py, Py) > L%J +l—1,letk le€eZT k<l n= L%J +0—1.
Let A be any set of ¢ vertices in K,,, and let B = V(K,) \ A. Let A be the the

2-colouring of the edges of K,, shown in Figure 4.1. Under A, the largest blue path

A B
Q-

Figure 4.1: 2-colouring of K,, with no red P and no blue F,

has ¢ vertices.

Claim 1. Every red path of maximum length in K, starts and ends in A, and goes

back and forth between A and B.

Proof of Claim 1. If k =1, B =), so assume k > 1. Let P = vy,...,vy be any
red path of maximum length, and let P = P\ {vy}. Note that by the maximality
of P,

for every i € [1, N — 1], if v; € A, then v, € B. (4.1)
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Therefore,

IPNAl < |PPNAJ+1

< [PAB|+1  (by @1)

< |Bl+1

|kt

B 2

< k (since k > 1)
< !

Therefore |P N A| < ¢, and so there exists z € A\ P.
If for any particular i € [1, N — 1], the vertices v; and v;; are both in B, then
U1,V2, -+ -5 Ui, Ly Vg1, - - -, UN

would be a longer red path. Similarly, if v; € B, or v, € B, then P could be

extended at the beginning or end respectively using x. This proves Claim 1.

The maximum length of a path starting and ending in A, and going back and forth

between A and B is

k+1
|IB|+1= {%J < k.

This proves that R(Py, Py) > |52 +¢—1.

Gerencsér and Gyéarfas’ proof that R(Py, Py) < [%J + ¢ is by induction on /.
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For any fixed k,¢ € Z*, k < ¢, let S(k,() denote the statement that R(Py, P;) <

||+ 0.
Base Case. The statement S(1,1) says that R(Py, Py) < |42 |+1 = 2, which holds.

Inductive Step. Fix b € Z*, b > 1, and assume that for every a < b, S(a,b) holds.

It remains to show that for every a < b+ 1, S(a,b+ 1) holds.

Fixa<b+1,n= %]+ (b+1), and let A : E(K,) — {red, blue}. Assume that

under A there is no blue Py;.

There are two main cases: when a < b, and when a = b+ 1. If a < b, then since

S(a,b) holds,
a+1

R(PCUPI))S\‘ J+b:n_1a

and therefore under A there is either a red P, (and the proof is done) or there is a

blue P,. Let P = vy,...,vp41 denote this blue copy of B,. Enumerate V(K,)\ P =

X ={zy,... ey }. Since there is no blue Py, the path P must be maximal.
2

Therefore, the following two properties hold:
(1) Vi € [1,0],Vj € [1, | 2EL]], either {z},v;} or {z;,v;41} is red, and
(2) Vj e [1, %], {z;,v1} and {z;,vp11} are both red.

Let S be a maximal red path, say on s vertices, with end points A and B in X, not

containing v; or vpy1, and such that each edge of S connects a vertex in P with a
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vertex in X. If X C S, then S has length

2(|X]—1):2V31J —222(%)—22@—2,

and, by property (2), adding the edges {vi, A} and {vy,1, B} would form a red P,,

completing the proof.

Let T be a maximal red path, say on t vertices, disjoint from S, with end points
C and D in X, not containing v; or vy, and such that each edge of T connects a
vertex in P with a vertex in X (see Figure 4.2)). Note that the path 7" may be as

small as a single vertex (i.e. a path of length 0).

Figure 4.2: The paths S and T’

Claim 2. Every vertex in X is either on S or T

Proof of Claim 2. Assume there exists © € X not on S or 7. Then the number

of vertices in P on either S or T is

2+2_22

s—1 t-—1 s+1 t+1
+ -2
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< (|X|—-1)—2 (by assumption)
- (7))
2
b .
< bJ -2 (since a < b+ 1)

AN
—_
(wl
||
[u—
| E—

Therefore there exists ig € [2,b — 1] such that v;, and v;,41 are not on S or T. By
property (1), at least one of v;, and v;, 41 is connected to u by a red edge (without
loss of generality, say v;,+1). Then by the maximality of S and 7', both {v; 41, A}
and {v;,11,C} must be blue. Then, however, again by property (1), {v;,, A} and
{viy, C'} must both be red, a contradiction to the maximality of S. This proves

Claim 2.

Now, the circuit Z = vy, S, vg, T, vy is red, and has length

1 11
sHt+2 = 2(8; +%)

= 2|X| (by Claim 2)

o)

If a is odd, then Z contains a red P,, and the proof is done. Otherwise, Z has

2 L%lj = a vertices, exactly half of which are in P. Since v; and v, are both in

Z, and since ¢ < Z’J“Tl, there exists jo € [1,b] such that neither v; nor vy is in Z.

a
2
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By property (1), one of v; and v;41 connects to the circuit by a red edge, creating

ared P,. This proves that for every a < b, S(a,b+ 1) holds.

Finally, when a = b+ 1, since S(b,b) holds, and thus

b+1 a a+1
R(P,, b)_{ 5 J+b {2J+b<{ : J+b+ n,

there is either a red P, or a blue P,. Without loss of generality, one can assume
that there is a blue P, and no blue P, ;. From this point, the same proof as above

works, producing a red P, = Py.1.

Therefore, by induction, for every k. ¢ € Z*, k < ¢, S(k,¢) holds, proving the

theorem. []

4.3 Small values

Many more values have been found for weak graph Ramsey numbers R(G, H) than
for the traditional Ramsey numbers R(a,b). Several tables of small diagonal and
off-diagonal graph Ramsey numbers were produced in the 1970s and 1980s (see,
e.g., [15, 20, 29, 52, [74]). Chvétal and Harary [27] produced a table of the graph

Ramsey numbers values for all graphs with 4 or fewer vertices (see Table 4.1)).

In 1989, Hendry [75] tabulated the off-diagonal graph Ramsey numbers for all but
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R(G, H) K2 PQ 2K2 K3 P5 K173 04 K173 +e K4 — € K4
K, 2 3 4 3 4 4 4 4 4 4
Py 3 4 5 4 5 4 3 ) 7

2K, 5 5 5 5 3 3 ) 6
K 6 7 7 7 7 7 9
Py 5 5 5 7 7 10

Kis 6 6 7 710
Cy 6 7 7 10

Kis+e 7 710

Ki\e 10 11
Ky 18

Table 4.1: R(G, H) for graphs with at most four vertices, and no isolated vertices.

seven pairs of graphs with at most 5 vertices not containing isolated vertices (see

Table 4.2).

Since Hendry produced Table 4.2), four of the missing seven have been found (dis-

played in bold in the table). First, Hendry stated (without proof or reference) that

20 N N N\ N N
HHMAWUwi
G G G G G Gy G Gy
P 2 NEPZ NN el AL N
WTUWEE v
Gy Gyp G G Gz Gy GIS Gie
e N N AL AL AL A
A= A~A=A NS <y

Gi7 Gig Gio Gy Gy G Gos

Figure 4.3: Graphs with exactly five vertices and no isolated vertices
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4.3. Small values

67-€F 29
7€-0¢ ¢¢ 209
LT LT ST B9
8¢-GC 61 LT 8T 0%
SZ 61 LT 81 8I 619
0Z LT ST ¥T ¥T ¥I 819
0z LT €1 ¥T ¥ €I 0T 59
61 LT €I €I €I €I 0T Ol D
LT €T IT €1 € 0T 6 6 6 19
LT €T IT €1 €I TII OT OT 6 OI )
LT €1 1T €1 € 1T 0T 0T 6 OI O 59
LT €1 TIT € € 0T 0T 6 6 6 6 6 29
LT €T 6 € € 0L 6 6 6 6 6 6 6 9
LT € 11T € € 6 6 6 6 6 6 6 6 6 9
LT € 11T € € 6 6 6 6 6 6 6 6 6 6 65
LT €1 11T € ¢ 6 6 6 6 6 6 6 6 6 6 6 89
0c LT € %I %I €I 0T 0T 6 OI Of OT 6 6 6 6 OI ‘D
LT €T 6 € ¢ 6 6 6 6 6 6 6 6 6 6 6 8 9 9D
LT €1 6 € ¢ 6 6 6 6 6 6 6 6 6 6 6 L 9 9 O
LT €1 6 € € 6 6 6 6 6 6 6 6 6 6 6 6 L L L 9]
LT €1 6 € € 6 6 6 6 6 6 6 6 6 6 6 9 9 9 L 9 €D
¥1 11 1T 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 L £
6 L L L L L L L L L 9 L L 9 9 L 9 9 9 9 9 L 9 59
mm@ mmmu EU om@ 3@ wHU SU SU mHU EU mHU NHU ZU 3@ m@ w@ »U wmv mmv wmu mU m@ HU A.nmu@@vm

Table 4.2: R(G;, G;) for graphs with exactly five vertices and no isolated vertices



4.4. Other weak graph Ramsey numbers 79

R(Gh9,Ga3) = R(Ky, K5), and so when R(4,5) was found to be 25 (by [80] and

[96]), R(Gho, Ga3) was also determined. The others found since are:

R(Gis,G23) = R(K5\ E(K3), K5) =20 [5, [75],
R(Go1,Ge) = R(Ks\ F(2K3), K5\ e) = 17 [75, [144], and

R(G91,Ge3) = R(Kj\ E(2K,), K5) =27 [75, [124].
The remaining unknown values are

R(Ga0,G23) = R(K;5\ E(P), Ks),
R(G227 G23) = R(K5 \ €, K5)7 and

R(Ga3,Gaz) = R(Ks, Ks) = R(5,5).

4.4 Other weak graph Ramsey numbers

This section includes selected bounds for other weak graph Ramsey numbers. For

any graph G, let ¢(G) denote the cardinality of the largest component of G.

Theorem 4.4.1 (Chvétal and Harary, 1972 [27]). For any graphs G1 and G,

R(G1,Ga) > (x(Gy) — 1)(e(Ga) — 1) + 1.

Proof. Let n = (x(G1) — 1)(c(G2) — 1), and consider the graph K, viewed as

x(G1)—1 copies of K,)—1 with edges interconnecting every possible pair of vertices
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. . - e 7
(see Figure 4.4). Colour all the edges within each K,,)—1 blue, and colour each

Figure 4.4: General graph Ramsey number lower bound

interconnecting edge red. If there were a red copy of G, then there would be a
vertex colouring of G with x(G;) — 1 colours, producing no monochromatic edge,
which is impossible. On the other hand, there can be no blue Gy, since the largest

blue component has cardinality ¢(G3) — 1. O

Note that when G; = K, and Gy = K}, the construction used in the proof of

Theorem [4.4.1is exactly the first constructive bound given in Section 3.3.

Using the bound given by Theorem 4.4.1, Chvétal produced the precise value of the

graph Ramsey numbers for complete graphs versus trees.
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Theorem 4.4.2 (Chvétal, 1977 [25]). For any m,n € Z* and any tree T on n
vertices,

R(K;,T)=(m—1)(n—1)+ 1.

Proof. The lower bound follows from Theorem 4.4.1. The upper bound is proved by
induction on m+n. For any k > 4, let S(k) be the statement that for all m,n € Z*

such that m +n = k and any tree T on n vertices, R(K,,,T) < (m—1)(n—1) + 1.

Base Case: The statement S(4) reduces to R(Ks,T5) < 2, which is true, since

R(K5,Ty) = R(2,2) = 2 (by Observation 3.1.4).

Inductive Step: Let k > 5, and assume that S(k — 1) holds. Let m,n € Z* be such
that m+n = k, and let T be any tree on n vertices. It suffices to show that for any

edge 2-colouring of K(,;,—1)(n—1)+1, there is either a red K,, or a blue T'.

Fix a colouring A : E(K(m-1)(n-1)+1) — {red,blue}. Let z be any leaf node of T,
and let 7" = T\ {z}. Then, since S(k — 1) holds, R(K,,,T") < (m —1)(n—2) + 1,
and therefore either K(;,_1)(n—1)+1 contains a red K,,, in which case S (k) holds, or
a blue 7", so assume there is a blue 7. Remove the n — 1 points of the blue copy
of T". Then again since S(k — 1) holds, the remaining K(,,—2y(n-1)+1 €ither contains
ared K,,_1 or a blue T'. If it has a blue T', again S(k) holds, so assume it contains
a red Kp,_;. Therefore the original coloured K(,,—1)(n—1)4+1 contains both a blue 7"

and a red K, i, disjoint from one-another. Let y be the end point in 77 that x
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was connected to, and consider the edges from y to the red K,,_;. If even one edge
between y and the red K, ; is coloured blue, a blue T' is formed, and S(k) holds.
However, the alternative is that all edges between y and the red K,,_; are red, in

which case a red K, is formed, again showing that S(k) holds.

Therefore by mathematical induction, for all £ > 4, S(k) holds. O

Recall (see Appendix) that for graphs H; and Ho, Hy U Hy is the disjoint union of

H1 and HQ.

Theorem 4.4.3 (Burr, Erdés, and Spencer, 1975 [10]). For all graphs G, Hy, and
H27

R(G, Hy U Hy) < maz{R(G, Hy) + |V (H,)|, R(G, Hs)}, (4.2)

and further, for all m,n > 1,

R(mG,nH) < R(G,H) + (m — )|V(G)| + (n — 1)|V(H)|.

Proof. Let G, Hy, H, be graphs. Let n = max{R(G, H,)+ |V (H,)|, R(G, Hy)}, and
2-colour F(K,) with red and blue. Since n > R(G, Hs), there is either a red G, in
which case the proof is done, or a blue H,. If there is a blue H,, remove its vertices
to be left with n — |V (H,)| vertices. However, n — |V (Hz)| > R(G, H;) and thus
the remaining complete graph must contain either a red GG, in which case again the

proof is done, or a blue Hy, in which case there is a blue copy of H; U H, in the
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original graph.

The second bound is proved by induction on m + n. For any k > 2, let S(k) be the
statement that for all m,n € Z* such that m +n = k, it holds that R(mG,nH) <

R(G, H) + (m = DV(G)| + (n = DV (H)].

Base Case: The statement S(2) reduces to R(G, H) < R(G, H), which is true.

Inductive Step: Let k > 2, and assume S(k) holds. Let m,n be such that m +n =
k+ 1. Since k > 2, one of m and n is at least two, without loss of generality, say

n > 2. Then

R(mG,nH) = R(mG,(n—1)HUH)
< max{R(mG, (n— \H) + |V(H)|. RmG. H)}  (by (1:2))
— R(mG, (n — 1)H) + [V(H)]
< R(GH)+ (m — DIV(G)| + (n — D|V(H)| + V()| (by S(k))
= R(G.H)+ (m— DIV(G)| + (n — DIV ()]
Therefore S(k + 1) holds, and so by mathematical induction, for all & > 2, S(k)

holds. [l

Recall (see Appendix) that for any graphs G and H, G + H is the graph formed by

joining disjoint copies of G and H by every possible edge.
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Theorem 4.4.4 (Burr and Erdés, 1973 [16]). For any graphs G and H, and n =
R(G,H),

R(G+ Ky, H) < R(Ky,,H).

Proof. Let G, H be graphs, n = R(G,H), and let N = R(K;,, H). Colour the
edges of Ky with red and blue. If there is a blue H, the result holds, so assume
there is none. Then by the definition of IV, there is a red K ,, and by the definition
of n, there is either a blue H, in which case the result again holds, or a red copy of

G, which produces a red G + Kj. O

Here are some other representative theorems in the field, provided with references,

but without proofs:

Theorem 4.4.5 (Parsons, 1973 [117]). For m,n € Z*, R(Py,, K,) = m(n—1) + 1.

Theorem 4.4.6 (Burr, 1974 [14]). Let T,, be any tree on m vertices, and assume

that m — 1 divides n — 1. Then R(T,,, K;,) = m+n — 1.

Theorem 4.4.7 (Parsons, 1974 [118]). If n > m > 3,

R(in Kl,n) = maX{R(Pm—b Kl,n)a R(Prrw Kl,n—m) + m}

Theorem 4.4.8 (Burr, Erdés, and Spencer, 1975 [22]). For m,n € Z,

(@) ifm>mn>1,m > 2, then R(mK3,nK3) = 3m + 2n,
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(b) if m >mn,m > 2, then R(mK,3,nK;3) =4m+n — 1,

(¢) R(nG,nK3) = (|[V(G)|+1)n—1,

(d) if n > 2, then R(nK,,nP) = (m+2)n—1, and

(e) if n >2, and G is not complete, then R(nG,nP,) = ([V(G)| + 1)n — 1.

Theorem 4.4.9 (Burr, Erdés, Faudree, Rousseau, and Schelp, 1989 [19]). For any

tree T' on n vertices, and mazximum degree d,

R(Cy,T) = max{4,n+ 1, R(Cy, K1 4)}.

When k > 2 or r > 2, very little work in comparison has been done for determining
the values R(G; Ky;7). The graph arrow notation, and off-diagonal graph Ramsey
numbers R(G4, G2) have a natural generalization to r colours, just as the Ramsey
numbers R(a,b) generalized to R(my,...,m,). For any graphs F,G,...,G,, and
H, write

F—>(G1,...,GT)H

T

iff for any r-colouring A : (},) — [1,7], there exists i € [1,7] and G} € (Ci) such that

(%/) is monochromatic in the i-th colour under A. In general, let R(G4,...,G,; H)
denote the least integer n (if any exists) such that K,, — (G4,...,G,)H. For any

k,r € Z", and any graphs Gy, ..., G,, the values R(G,...,G,; K}) do exist since



Chapter 5

Induced graph Ramsey theory

One might ask if there exists a graph F' such that F' — (G)&* with the added
condition that the found monochromatic copy of G must be an induced subgraph
of F’. The main result of this chapter is that for any graph G and any k,r € Z*,

there exists such an F".

5.1 Definitions

For any graphs G and H, denote the set of induced subgraphs of GG isomorphic to
H by

G
={H' XG:H = H}.
(), ===

36
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For any r € Z*, and graphs G and H, write

F24(@)H
iff for every A : (;)ind — [1, 7], there exists G’ € (g)ind such that (?{”)ind is mono-

chromatic under A. For any r € Z*, and any graphs G and H, let Ry (G; H;r)
be the least integer n (if any exists) such that there exists a graph F' on n vertices
ind

such that F — (G)H. The numbers Ri,q(G; H;r) are called induced graph Ramsey

numbers.

5.2 Relationship to weak graph Ramsey numbers

For all k,m,r € Z*,

Rina (K Ki; 1) = R(Kp; Ki;r) = Ri(m;r).

In general, the problem of determining for some r € Z*, and graphs G and H
whether the induced graph Ramsey number Ri,q(G; H;r) exists is different than

determining if R(G; H;r) exists. Consider the following two examples: First,
ind
K; — (P52, but K5 —4 (Py)5?, and therefore a (weak) graph Ramsey ar-

row does not imply the corresponding induced graph Ramsey arrow. Second, for

any n > 3, B UK, ind, (P, UK, but P, UK, —/ (P, UK,)%?, and therefore
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an induced graph Ramsey arrow does not imply the corresponding (weak) graph
Ramsey arrow. However, when H is complete (the most studied case), the induced

Ramsey arrow is stronger than the weak Ramsey arrow (F dnd, (G)Ex implies that

F s (Q)5),

In the weak case, it is true that for any graphs G and G’ such that G’ C G,
R(G"; Ki;r) < R(G; Kg;r), and therefore for any graph G on m vertices, R(G; Ky;r) <
R(K,,; K; 1), which exists by Ramsey’s theorem (as mentioned in the introduction,

p. 8). The analogous statement for induced subgraphs does hold.

Observation 5.2.1. For any graphs G and G such that G' <X G, if Rina(G; Ky;r)
exists, then Riyg(G'; Ki;1) < Rina(G; Ki;1).

However, if G’ C G, then no such relation holds, as exhibited by the following
observation (which is likely folklore, but I couldn’t find it in the literature).
Observation 5.2.2. If R;,q(Pe; K1;2) exists, then Ri,q(Pa; K1;2) > Rina(K3; Kq;2).

Proof. By the pigeonhole principle, Ri,q(K3; K1;2) = 5. Let F' be any graph on
five vertices. It remains to show that there exists a colouring of the vertices of F

such that every induced copy of P, is not monochromatic.

Claim. There are three vertices I = {z,y,z} C V(F) such that the induced

subgraph on I, F[I], is not isomorphic to Ps.
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Proof of Claim. If F is bipartite, then let I be any set of three independent
vertices. If F' is not bipartite, then F' contains an odd cycle. If F' contains a Cf,
then let I be the vertices of this C3. Otherwise, F' is exactly the graph C5, which

contains such a triple. This proves the claim.

Let A : V(F) — {red,blue} be defined by A(z) = A(y) = A(z) = red, and the

other two vertices both blue. O

The same colour grouping argument used to prove Proposition 5.2.3/ can be used to

prove the analogous theorem for the induced arrow. The proof is omitted.

Proposition 5.2.3 (Ramsey, 1930 [126]). Let k € Z*. If for any graph G, the
induced Ramsey number Ri,q(G; Ky;2) exists, then for any r > 2, it holds that for

any graph G, Ri,q(G; Ky;1) exists as well.

5.3 Off-diagonal generalization

Similar to the Ramsey numbers in Chapter 3, and the graph Ramsey numbers in
Chapter 4, one can generalize the induced graph Ramsey arrow and these induced
graph Ramsey numbers to off-diagonal versions. For any graphs F', H, G1, and Gb,
write

F 24 (G, Go)H
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iff for every A : (g)in 4 — 1ired,blue}, there either exists G € ((I;l)in . such that

such that (Gg)in 4 is

G/l . . . / F
( )in 4 Is monochromatic red, or there exists Gy € (GQ), 1

H ind
monochromatic blue. Let Riyq(G1,G2) denote the least integer n (if any exists)
such that there exists a graph F' on n vertices such that F' nd, (G1,G2)5>. Note

that Rina(G1, G2) < Rina(G1UGy; Koy; 2), and therefore proving the existence of the

diagonal version implies the off-diagonal.

Very few results bounding induced Ramsey numbers are known, but the interested

reader can find such bounds in, e.g., [58, 59, 60, 73, 83} 88, 93].

5.4 Colouring vertices (H = K)

For any two graphs G and H, the lezicographic product of G and H, denoted G® H,

is the graph with vertices V(G) x V(H), and edge set E, where

{ur,us} € E(G), or
{(uy,v1), (ug, v2)} € B iff

uy; = ug and {vy,ve} € E(H).

By the definition, note that “®” is not commutative.

Note that this notation “®” is certainly non-standard, and that this lexicographic
product is one of many different types of products on graphs. For more information

on this and other types (e.g., direct product, cartesian product), see [76].
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Folkman showed that for any graph G, Rinq(G; K1;2) exists.

Theorem 5.4.1 (Folkman, 1970 [53]). For any graph G,

G®G 2% (G)k.

Proof. Let G be a graph, and let FF = G ® G. Let A : V(F) — {red,blue} be
a {red, blue}-colouring of V(F'). If there exists a vertex xy € V(G) such that for
all y € V(G), (zo,y) is coloured red, then there is an induced red copy of G on
the vertices {(zo,y) : y € V(G)}, and the theorem is proved. Otherwise, for every
vertex x € V(G), there exists y = y(z) € V(G) such that (z,y(z)) is coloured blue.

Then there is an induced blue copy of G on the vertices {(z,y(z)) : z € V(G)}. O

5.5 Colouring edges (H = K5)

The problem of determining whether or not, for any graph G, there exists a graph
F such that F 2% (G)&? was also solved. The proofs of the existence of such
an F' were first published independently by Deuber in 1975 [32], Erdés, Hajnal,
and Pdsa in 1975 [42], and Rédl in 1976 [130]. The first proof presented below
is based on Deuber’s [32] original proof, as given in [33] (Section 5.5.1), which is

an inductive construction. The second proof presented is due to NesSettil and Rodl
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in 1981 [109] (Section 5.5.3)), and uses a technique called “partite amalgamation”

(which is covered in Section [5.5.2).

5.5.1 Deuber’s proof

First some notation is needed. For ¢ € Z*, and f a function, f? denotes the ¢-fold

composition of f, fo fo---o f, and let f° denote the identity function.
—_—

q

For any graphs GG and H, and any induced subgraph U < G, the generalized lexi-
cographic product of G and H over U, denoted G ®y H, is the graph with vertices

V(U® H)U((V(G)\V(U)) x {0}) and edge set E where

' {(u1,v1), (u2,v2)} € E(U® H), or
{(ug,v1), (ug,v2)} € B iff

v; = 0 and {uy,us} € E(G).
Note Figure 5.1, and other figures in this section, are based on those found in [33].

Deuber proved the following off-diagonal theorem.
Theorem 5.5.1 (Deuber, 1975 [32]). For any graphs G1,Gs, there exists a graph
F such that F % (G1,Go).

Proof. This proof is found in Diestel’s “Graph Theory” [33, pp. 259-262] with

only notational changes. The proof is by strong induction on |V (Gy)| + [V (Gs)].
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G G % K,

Figure 5.1: A generalized lexicographic product

For any n € Z*, let S(n) be the statement that for any graphs G; and G5 such that

|[V(G1)| + |[V(G2)| = n, there exists an F' such that F ind, (G1, Go)52,

Base Case: If either of Gy or G contain no edges (which includes the case when
V(G| + |V(Gy)| < 2), then for k = max{|V(G,)|, |V (G2)|}, K nd, (G, Go)52.

Therefore S(2) holds.

Inductive Step: Let k > 2, and assume that S(2),...,S(k) all hold. Let G1,Gs be
graphs, each with at least one edge, such that |V (G1)| + |V (G2)| = k + 1. For each
¢ € {1,2}, fix x, € V(Gy), incident with at least one edge, let G, = G\ {z,}, and let

G} = Gy[N(x()], the graph induced in G, on the vertex set N(x,) (see Figure 5.2).

By S(k), there exists graphs F; and F; such that Fj nd, (G, G55 and F, nd,
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Figure 5.2: The graphs Gy, G, and GY.

(G, Gg)fz. A sequence of graphs I';, 'y, ..., T',,11 is now constructed such that

Tost =% (G, Ga)5e.

Let I'y = Fy. Let n = (gg)ind and enumerate (gz)ind = {Wj,wj,...,W/!}. For
cach i € [1,n], fix W/ € (Z;V,;i)md. Let Vi = V().

For the inductive step of the construction, let i € [1,n], and assume that I',... T
and Vi,...,V; have all been defined. Further, if 7+ > 1, assume that a function

f:VU---UV; - V3 U---UV;_; has been defined such that for all j € [2,1],
f(V;) = V,_1. Note that f9=*(V,) = Vi. Let U; = {v € V; : f=!(v) € W/} (then

Uy = W1).

Defining I';;; is done in two steps. First, let fi+1 = I'; ®r,y,) F2, and define

A A

Vier € V(ITigq) as Vigr = {(a,b) € V(I'iz1) : a € V;}. For each u € U, let

F5(u) denote the copy of F; in fi+1 that replaces u. Enumerate U; = {uq, ..., up}-
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Second, let
¢ —{ (Gt Grm)..... i) : i € ()

For each C' = (G (uy),...,G)(un)) € C, add a new vertex z(C)) to I';11. For each
u e U;, fix
G (u)
Gi(u) € ( ! ) .
' Glll ind
Finally, join 2(C) to every vertex in the set {V(G7(u1)) U--- U V(G (uy))}. The

resulting graph is I';1; (see Figure [5.3).

L ) 5%
G (W)

G(w)

Vi+1< Vo

—
—
—
—

Figure 5.3: The inductive construction: I'; — ;1

Extend f : VoU---UV; — V1U- - -UV;_; to the function f :VoU- - UV — VIU- - UV,
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by defining for each v € V4,

R wif v € Fy(u),u € U;, or
fv) =
v if v = (v, 0),0 € Vi \ U

This completes the inductive definition of I'1, Iy, ..., 4.

Claim. For all i € [1,n + 1], and for any red-blue colouring of the edges of T,
there exists either (a) a red induced copy of Gy, (b) a blue induced copy of G, or
(¢) a blue induced A, where V(A) C V; and there exists k € {i,...,n} such that

the restriction of f~! to V(A) is an isomorphism between A and Wj.

(Note that case (¢) cannot occur when ¢ = n 4 1, and therefore proving the claim

proves that I',, 1 nd, (G, G2)§2-)

Proof of Claim. The proof of the claim is by strong induction on 2. For any
j € [1,n+1], let T(j) be the statement that for any red-blue colouring of the edges

of I';, one of (a), (b), or (c) holds.

Base Case: Let A : E(I'y) — {red,blue}. Then since I'y = Fj, and F} nd,

(G1, G%)%X> | there is either an red induced copy of Gy, and (a) holds, or there is a
blue copy of G, and since any copy of G is one of the W}’s by definition, (c¢) holds.

Therefore T'(1) is true.

Inductive Step: Let i € [1,n], and assume that 7°(1),...,7(7) all hold. Let A :
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E(l';+1) — {red,blue}. For each u € U, there exists Fy(u) € (Fgl)ind. Since

2 (G1Gy)52, each copy of Fy either contains a red copy of G or a blue copy
of Go. If there exists uy € U; such that Fy(ug) contains a blue induced copy of G,

then (b) holds, so assume for all u € U;, F3(u) does not contain a blue induced copy

of G. Then for all u € U;, F5(u) contains a red induced copy of G, call it G/ (u).

Enumerate U; = {u1,...,uy}, and let C = (G (u1),...,G\(up)). Then for every

and z = x(C) € V([';41) such that z is connected to every vertex in the set

u € U;, there exists

Uuer, V(GT(w)). If for any particular ug € U; all the edges

{{z,v} v e V(G (u))}

are red, then G’ (ug) together with x forms a red Gy, and (a) holds. Otherwise, for
every u € U;, there exists y, € V(G7(u)) such that the edge {z,y,} is blue. Let
D={y, :ue U} U{(v,0):veV(I;)\ U} Then f restricted to D, f|p, is
an isomorphism between I';,1[D] and T';. Therefore the 2-colouring on the edges of
[;41[D] induces a 2-colouring on the edges of I';. By T'(i — 1), one of (a), (), or
(¢) holds for T';. If (a) or (b) holds for T';, then using f|p, the same holds in T';; 1,
so assume (¢) holds in I';. Then there exists an induced blue A < T'; such that

V(A) CV;, and there exists k € {i,...,n} such that the restriction of f=1 to V(A)
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is an isomorphism between A and W;.
If ke {i,...,n}, then A = (f|p)~"(A) satisfies (c) in Ti4;.

Otherwise & = i — 1. Then the restriction of f~! to V(A) is an isomorphism
between A and W/_;. Since A is a copy of W/_;, let A” < A be defined as the
induced subgraph with V(A”) = {v € V(A) : f=Y(v) € W/} (A" is a copy of W/).
Then by the definition of U;, V/(A") C U; (see Figure 5.4).

1_"+1

1

o

+/

o< |--4----- >0

Figure 5.4: Producing a monochromatic copy of Gs

Then A = (f]p)~'(A") € (,,5

W{il) is such that V(A”) C {y, : u € U;}. Therefore
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each vertex in A” is attached to by a blue edge. Since A itself was blue, so is all of

A. Therefore A together with z forms a blue copy of Gy. Therefore T'(i + 1) holds.

Therefore by induction, for all j € [1,n 4 1], T(j) holds, which in turn proves the

theorem. ]

5.5.2 Partite Amalgamation

The partite amalgamation (or simply amalgamation) process was developed by
Nesetfil and Rodl, and, according to Nesetiil, “originated in 1976” [102, p. 1389]).
Various versions of amalgamation have been used to prove a number of theorems
in a constructive manner (see e.g. [102 108, 109, 110, 111, 113, 114, 115]). What

follows is one type of amalgamation, known as *j-amalgamation (for graphs).

Recall (see Appendix) that for any k € Z*, a graph G is k-partite iff there exists a
partition of V/(G) = V3 U- - - UV} such that for each edge {x,y} € F(G), there exists
i,j € [1,k], i # j, such that x € V; and y € V;. To emphasize that a graph G is

k-partite, one can write G = (Vi U---UV,, E). A 2-partite graph is called bipartite.

When focusing specifically on partite graphs, a notation analogous to that for in-
duced subgraphs is used: let G = (V,U---UV,,, E(G)) be an n-partite graph, and let

H = WiU---UW,,, E(H)) be an m-partite graph. Then H is an induced m-partite
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subgraph of G, written H <.+ G, iff there exists an injection f : [1,m] — [1,n]
such that for all i € [1,m], W; C V}), and E(H) = E(G) N [W, U---UW,]% The

set of partite induced subgraphs of GG that are isomorphic to H is denoted

)
—{H' < G: H = H}.
(H part ’

Perhaps it would be more consistent to denote this instead as (g) part, but since
ind

weak partite subgraphs are not of interest here, the “ind” can be dropped.
Let a,b € ZT with a < b, let A= (X;U---UX,, A) be an a-partite graph, and let
B = (Y U---UY,,B) be a b-partite graph. Let Y = U}_,Y;. Fix J € [1,b]¢, and

fix an order preserving bijection f : J — [1,a]. The *;-amalgamation of B with A,

A
@ran
N AR A SEIDERTE
5 y

N— _/

Y

J

Figure 5.5: *j-amalgamation

denoted B x; A, is defined as follows. Let B be the induced subgraph of B on the
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vertices UjesYj, i.e.,

2
B,=| Jv:. Bn

jeJ

Uv

jeJ

Let ‘ (éqJ)part

= ¢, and enumerate (;J)part = {B},B3,...,B%}. For all i € [1,1],

define

Xf(i) if 1 € J, and
Zi -

Y; x [1,¢] otherwise.

For each j € [1, ¢|, fix an isomorphism ¢, : By — B]f and extend ¢; to the function

?i(y) if y € By, and
V;(y) =

(y,7) otherwise.

Define the edge set £ as € = {{1j(v1),¢;(v2)} : {v1,v2} € E(B),j € [1,q]} UE(A).
Finally, the *j-amalgamation B x; A is the b-partite graph (Z; U---U Z,, &) (see

Figure [5.5).

5.5.3 Nesetril and Rodl’s proof

For any d,m € Z", any d-set X, and Y = [X]|™, let B(d, m) denote the bipartite

graph (X UY, E), where {z, A} € F iff z € A.
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Figure 5.6: A sample graph of the form B(d, m).

Nesetiil and Rodl’s proof that for every graph G, Riq(G; K»;2) exists uses the

following lemma:
Lemma 5.5.2 (Nesetiil and Rodl 1981 [109]). For any bipartite graph G, there
exists d,m € Z* such that G < B(d, m).

Proof. Let G = (V3 U V4, E) be a bipartite graph, and let ky = |Vi]|, k2 = |V4l.
Enumerate Vi = {v,v9, ..., 05, }, Vo = {wy,wa, ..., wg,}, and let Q = {q1,...qx, }
be a set of k; elements, disjoint from both Vi and V5. It suffices to prove the

following claim:

Claim: G < B(|Vi| + |Va| +|Q|, k1 + 1) = B(ky + 2k, k1 + 1).

Let X = ViUV UQ, Y = [X]FTL For any w € Vy, let £(w) = |V} \ N(w)|, let

Q(w) be any set in [Q]°, and define S(w) = N(w) U {w} U Q(w). Then |S(w)| =
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V1|41 = k141, and therefore S(w) € Y. If S(w;) = S(wy), then wy = S(w;)NVa =
S(wy) N Va = wsy. Therefore if wy # way, S(wy) # S(ws). Let f: V(G) — X UY be
defined by f(v) = v if v € V4, and f(v) = S(v) if v € Vo. Then f is an embedding

of G into an induced subgraph of B(ky + 2k1, k1 + 1). O

For any k € Z", and k-partite graphs F and G, write
ind Ko
F—pat (G,

iff for every A : E(F) — {red,blue}, there exists G’ € (g)part such that F(G’) is

monochromatic under A.
Theorem 5.5.3 (Bipartite Lemma, Nesetfil and Rodl, 1981 [109].). For allr € ZT,

and for every bipartite graph B, there exists a bipartite graph Rp such that

ind
Rp 2% i (B)K2.

Proof. This proof is based on that given in [68]. By Lemma[5.5.2) assume without
loss of generality that for some d,m € Z*, B = B(d,m). Let { =r(m — 1)+ 1 and
n = Rg(dé;r(:;)). Let Rg = B(n,{). To prove Theorem [5.5.3] it suffices to prove
that

ind
Rp L>pauft (B)q{ﬁ-

Let A : E(Rp) — [1,r]. Assume the partite sets of B(n,?) are X = {xy,...,x,}

and Y = [X]*. For each S = {sy,...,5,} € Y (ordered respecting the ordering of
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X), define Ag : S — [1,7] by Ag(s) = A({s,S}). Since |S| =€ = (m — 1)r + 1,
the pigeonhole principle implies that there exists 3(S) = {1, ..., 0n} € [1,¢]™ and
¢s € [1,7] such that C(S) = {sg,...,Ss,} € [S]™ is monochromatic under Ag in

the colour ¢,. That is, for all x € C(5), A({z, S}) = ¢ (see Figure 5.7).

X All edges coloured ¢ Y

CeS)

Figure 5.7: The set C'(5)

Define A’ : Y — [1,7] x [1,{]™ by A'(S) = (cs,5(S)). Since Y = [X]¢, and |X| =
n = Ry (dt; r(ﬁl)), there exists R € [X]% such that A’ is constant on [R]’, i.e., there
exists ¢ € [1,7], B={B1,...,0m} € [1,€]™ such that for all S = {sy,...,s,} € [R]
(respecting the ordering of X)), C'(S) = {sg,, ..., sg,, } is such that for all z € C(S),

A({z,S}) = ¢ (see Figure 5.8)).
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All edges
coloured ¢

Figure 5.8: The set R

Respecting the ordering on X, enumerate R = {ry,..., 74}, and let

R/ = {7’51,7”51+g, s 7Tﬂl+(d—1)f};

note that since §; < ¢, it follows that §; + (d — 1)¢ < d¢ = |R|, and thus R’ is well

defined.

Informally, for each A € [R']™, let Sa € [R] be such that Sy N R’ = A, and the
elements of A are positioned in positions 5 = {3, ..., B} inside S4. Formally, for
each A = {ay,...,an} € [R]™, let Sy = {b1,..., b} € [R]* (ordered respecting the
ordering of X') be such that for each i € [1,m], bs, = a;, and for each j € [1,{]\ 5,

bj € R\ R’ (see Figure5.9).
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X All edges coloured ¢ Y

(/)
-

Figure 5.9: Definition of Sy

The the induced subgraph of Rp on the partite sets
R CX and {Sa: A€ [R"}CY

is a copy of B(d, m), monochromatic in colour ¢. This completes the proof. Il

Theorem 5.5.4 (Nesettil and Rodl, 1981 [109]). For all v € Z*, and for any graph

G, there exists a graph F such that F _nd, (G)E2,

S

Proof. A sequence of graphs P°, P!, ..., P(2) is constructed inductively, and the

graph F = PG is the required graph.

Let G be a finite graph, and fix r € Z*. Let m = |V (G)|, and by Ramsey’s theorem,

let s = Ro(m;r). Let H = {1,2,...,s}. Enumerate [H]*> = {e,eo,... ,e(s)} and
2



5.5. Colouring edges (H = K>) 107

[H]™ = {A}, Ay, . .. ,A( )} For all i € {1,2,...,s}, define the set V* as

\/;Oz{i}x{l,Z,...,<;)}.

For each j € {1,2,...,(*)}, fix a bijection f; : V(G) — A; x {j}. Define £ as

S
m

e={(6..0.9): (76D A7 e B@Li =12 (2

m
Then let P° be the s-partite graph P° = (VP U VX U--- UV, E). In effect, PV is a
graph with one copy of GG across each row, each copy drawn on a different collection

of m vertices.

Let k > 0, and assume that P* = (VFUVFU...UVE EF) has been defined. Assume
exs1 = {1, s}, and let B be the induced bipartite subgraph of P* on the vertices
chl U Vog. Then by Theorem 15.5.3, there exists a bipartite graph, call it Rp, such

that Rp 5 ¢ (B)X2. Then let J = {ay, s}, define P! = P* ) Ry This

r

completes the inductive construction.

Colour the edges of P() with 7 colours. Assume €)= {1, B=}. By construction,

s
2

there is a copy of p)-1 call it P*<2)_1, inside P(;), with all edges between the

5)—1 5)—1
partitions Vﬁ(f) and Vﬁ(j) the same colour. Then again by construction, there
s )2 S)—1
is a copy of P(2)_2, call it P*(2> , inside P*(2> , with all edges between two other
partitions also the same colour. Continue until a copy of P, is found, and call

it P°. Then P? has the property that the colour of each edge is determined by

the pair of partitions it connects. Define an r-colouring A on the set [1, s]*> where
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A({a,b}) is the colour of all edges between the a'" and b partitions. By the choice
of s, there exists a monochromatic m-set M = {¢1,...,¢n} € [1,s]™ such that all

LV

Cm

its pairs have the same colour. The subgraph of P? on the partite sets VC?, .

has all its edges the same colour. By the construction of P°, the subgraph on the

partite sets V0

P V?n contains exactly one induced copy of G. O

[

Using the same proof technique, Nesetfil and Rodl [114] generalized Theorem 5.5.4
to colouring edges in k-uniform hypergraphs, and even more general structures

known as systems.

5.6 Parameter words

Nesetfil and Rodl proved that for any graph G, and any k € Z™, there exists a graph
F such that F 2% (G)5* using amalgamation techniques (see, e.g., [102, 121]),

but another technique, “parameter sets”, is used here. For more information on

parameter sets, see [122].
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5.6.1 Definitions

An alphabet A is a finite set whose elements are called symbols. For any n € Z*,
define A" = {f : [1,n] — A}. Each function f € A™ can be viewed as the ordered

n-tuple (f(1), f(2),..., f(n)) of elements of A. The elements of A™ are also called

words of length n

Let A, Ao, ... denote symbols not in A, called parameters. For any n € Z*,m €
Zt U {0}, an m-parameter word of length n over the alphabet A, is a function
fo,n] — AU{\, ..., A} satisfying (a) Vi, f~1(\;) # 0 (each \; occurs at least
once), and (b) Vi < j, min f~1()\;) < min f~1();) (the first occurrences of the \'s

must be in order).

Denote the set of all m-parameter words of length n over A by [A]( ) For n,m,k €

Z*, and two parameter words f € [A](") and g € [A](7), define the composition
fogelA](}) as

f(@) if f(i) € A,
9(j7) if f(i) = A;.
For f € [A]( ), define the space of f as

i) ={segige ()

An m-dimensional combinatorial subspace (of A™) is the space of some m parameter
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word, and a 1-dimensional combinatorial subspace is called a combinatorial line.

For example, let A = {a,b} and, dropping the parentheses and commas, f =

abdiada Ay € [A](S), and g = b\ € [A](2). Then f o g is the function abbaX;b €

2

[A4] (?), and sp(f o g) = {abbaab, abbabb}.

5.6.2 The Hales-Jewett and Graham-Rothschild theorems

The Hales-Jewett theorem is a Ramsey-type theorem about parameter words.

Theorem 5.6.1 (Hales and Jewett, 1963 [71]). Let m,r € Z*, and let A be a finite
alphabet. Then there exists a smallest n = HJ(|A|,m,r) € Z* such that for all

A [Al(G) — {1,...,r}, there exists an f € [A](]) such that A is constant on
sp(f)-

The proof is omitted, and can be found e.g., [65], [79], or [121].

The following theorem, known as the Graham-Rothschild theorem, is a generaliza-
tion of the Hales-Jewett theorem, where k-sets of A™ are being coloured, as opposed

to just points in A" (the proof is also omitted).

Theorem 5.6.2 (Graham and Rothschild, 1971 [64]). Let A be a finite alphabet,
and let k,m and r be positive integers. Then there exists a smallest positive integer

n = GR(|A],k,m,r) such that for every colouring A : [A](}) — {1,...,r} there
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exists a monochromatic f € [A]("), i.e.,

A(fog)=A(foh) forall g,h € [A](ZL).

The proof of the Graham-Rothschild theorem is also omitted.

5.7 Colouring complete subgraphs of larger order

Two proofs are given of the fact that for any k¥ € Z* and for any graph G, there

exists a graph F such that F nd, (G5

. The first such proof uses the Graham-
Rothschild theorem (Theorem [5.6.2)), and the second using a theorem known as the

Ordered Hypergraph theorem, which is described in Section [5.8.

5.7.1 Preliminary lemmas

Lemma 5.7.1 (see, e.g., [112]). For every finite graph G, there exists a set X such

that G is an induced subgraph of the graph

H(X)=(P(X),{{A,B}: A,B £ 0,AN B = 0}).

Proof. It suffices to show that for X = V(G) U E(G), G < H(X). For each

v e V(Q),let A, = {v}uU{e € E(G) : v € e}. Then for all u,v € V(G), A,NA, =0
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iff u # v and there exists e = {u,v} € F(G). Then the induced subgraph of H(X)

on the vertex set {A, : v € V(G)} is an induced copy of G. O

Observation 5.7.2. For X CY, H(X) 2 H(Y).

Proof. Let X C Y. Then P(X) C P(Y), and so the induced subgraph of H(Y)

on the vertices P(X) is a copy of H(X). O

5.7.2 First proof of induced Ramsey theorem

The main result can now be stated and proved.

Theorem 5.7.3 (see, e.g., [102]). Let G be a finite graph and let k,r € Z. Then

there exists a graph F such that F 2% (G)Ek.

First proof of Theorem 5.7.3. (as given in [68]) By Lemma 5.7.1, any finite
graph can be looked at as an induced subgraph of H(X) for some set X. Thus, it

suffices to fix some set X, and prove the theorem for G = H(X).

Observation. Given a set X = {zg,...,x;,_1}, every Ky-subgraph of H(X) cor-
responds to a set of k disjoint nonempty subsets {Yy,Y7,...,Y; 1} of X. For an
alphabet A of one element, say 0, {Yy,...,Ys_1} can be expressed as a single k-

parameter word f € [A] (Z‘), by mapping

fi) =\ iffz; €Y,
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and f(i) = 0 otherwise. Thus the K} subgraphs of H(X) are equivalent to the

elements of [1](7}).

Let X = {x¢,21,...; tm-1}, G = H(X) be given. Let A = {0}, and fix r k € Z*.
Let n = GR(|A|, k,m,r) and let Y be a set of n elements. the claim is then that

H(Y) 2L (@)K,

Let Ao . (H(Y)

K, )ind — {1,...,r}. By the observation, A is equivalent to a colouring

A [A](}) — {1,...,r}. By the choice of n, there exists f € [A](") such that f is

monochromatic under Af. Let
Z={f"N):ielo,m—1]}

and let

FU(Z) = {U YO 1 C[o,m— 1]} :

iel
Since for all i+ # j, f~*(\;) N f71(;) = 0, the bijection between Z and X that
is given by ¢(f~'(\;)) = z; also produces an isomorphism between FU(X) and
P(X). Therefore the induced subgraph of H(Y') on the vertices FU(X) is a copy
of G = H(X). Further, by the definition of f, the induced subgraph of H(Y') on

the vertices FU(X') has all its Kj-subgraphs the same colour. O
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5.8 The Ordered Hypergraph Theorem

5.8.1 Definitions and statement

An ordered hypergraph (H,<) is a hypergraph H, together with a total (linear)
ordering < on V(H). Two ordered hypergraphs (G, <) and (H, <s) are isomorphic
if there exists an isomorphism f between G and H that is also order preserving (i.e.,
for all z,y € V(G), x <; y iff f(x) <5 f(y)). An ordered hypergraph (G, <) is an
ordered induced subhypergraph of (H, <), denoted by (G, <;) = (H,<,), if both
G =< H and for every z,y € V(G), x <; y iff x <5 y. The set of ordered induced
subhypergraphs of (G, <;) isomorphic to (H, <) is denoted (ffé)md- Notation may
be abused slightly by writing (G, <) and (H, <), when what is meant is (G, <;) and

(Ha SQ)
For r € Z*, and ordered hypergraphs (F, <), (G, <), and (H, <), write

(F,<) 2% (G, <)

r

(F<

if for every A : (;%). L = [1,7], there exists (G, <) € (55)  such that ($5) )

<

=

in

is monochromatic under A.

The following theorem, known as the Ordered Hypergraph theorem, was published

by Nesetfil and Rédl in 1977 [106] and Abramson and Harrington in 1978 [1].
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Theorem 5.8.1 (The Ordered Hypergraph theorem). For every r € Z*, and any
ordered hypergraphs (G, <) and (H, <), there exists an ordered hypergraph (F,<)
such that

(F, <) (G, <)=),

The proof of Theorem 5.8.1 is omitted, though one proof of it follows the same
reasoning as the amalgamation proof that for any graph G, Ri,q(G; Ks;2) exists
(Theorem [5.5.4)). The interested reader can find proofs of the Ordered Hypergraph
theorem in, e.g., [I, 68, 106, 121]. Note that the Ordered Hypergraph theorem as
presented here is a special case of Nesettil and Rodl’s version. The following is a

useful consequence of the Ordered Hypergraph Theorem:

Corollary 5.8.2. For any k,r € Z", and any ordered k-uniform hypergraphs (G, <)

and (H, <), there exists an ordered k-uniform hypergraph (F, <) such that

(F,<) (@, <)=),

Proof. Let (G, <) and (H, <) be ordered k-uniform hypergraphs. By the Ordered

Hypergraph theorem, there exists an ordered hypergraph (F, <) such that
(F,<) =% (G, <)),

Let F’ be the k-uniform hypergraph formed by removing all edges not containing

ind (H,
r

exactly k elements from F'. Then (F', <) — (G, <) 97 and the proof is complete.

O
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5.8.2 Second proof of the induced Ramsey theorem

Theorem [5.8.1 nearly immediately implies that for any k& € Z*, and any graph G,

Rina(G; Ki; 2) exists (Theorem 5.7.3).

Second Proof of Theorem [5.7.3. (as given in [121]) Let G be any graph, let k €
77, and let H = K. Impose any total (linear) ordering on V(G) and V(H) to form

the ordered graphs (G, <) and (H, <). By the corollary to the Ordered Hypergraph
theorem (Corollary [5.8.2), there exists an ordered graph (F, <) such that (F, <) nd,

(G,g)ﬁH’S). It suffices to prove that F' nd, (G, Let A : (Z)

g — L], Note

that since H is complete, there is a one-to-one correspondence between (5) g and

(fl’é)ind. Thus A induces a colouring A’ : (flé)md — [1,7] by A(H', <) = A(H").
By the choice of (F, <), there exists a copy (G', <) € (gé) 4 monochromatic under

A’. The graph G’ € (g)in 4 i then monochromatic under A. O

5.8.3 Application: The Ordering Property

The ordering property for a graph, introduced by Nesettil and Ré6dl in 1975 [103],
is a consequence of the Ordered Hypergraph theorem. While interesting in its own
sake, it can also be applied to prove some Ramsey theorems about unordered graphs.

One such application is found in Chapter 10 (Theorem [10.1.2).
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Let (H, <) be an ordered graph, and let G be an unordered graph. The graph G is

said to satisfy the ordering property for (H, <), denoted

G ﬂ>0]rd (H7 S)a

iff for every possible ordering <* of V(G), there exists (H', <) € (G’S*). v

Theorem 5.8.3 (Nesetiil and Rodl, 1975 [103]). For every ordered graph (H, <),

ind

there exists an (unordered) graph G so that G — ,,q (H, <).

Proof. Let (H, <) be an ordered graph. If H is not connected, add a new vertex
to (H, <), and connect it to each component of H (the extra vertex can be removed
later without a problem). Let v; < vy < ... < v, be the vertices of (H,<). Let

(H,<™') be the ordered graph where for all v;,v; € V(H), v; <! v; iff v; < ;.

Let (H*,<*) be the graph made up of the ordered disjoint union of (H, <) and
(H,<™') where all vertices in (H,<71) come after those in (H, <); that is, H* =
H U H and for v; in (H,<), and v; in (H,<™1), v; <* v; (see Figure 5.10).

(H;<)

Figure 5.10: The graph (H*, <*)
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By the corollary to the Ordered Hypergraph theorem (Corollary [5.8.2), given the
ordered graphs (H*, <*) and (K3, <) (note K3 has only one ordering up to isomor-

phism), there exists an ordered graph (G, <’) such that (G, <') Ind, (H*, <*)k2,
Claim. The graph G satisfies G Eord (H,<).

Let <" be an arbitrary ordering on V(G). Then it remains to show that (H, <) <
(G,<"). Let A be a 2-colouring of the edges of (G, <’), defined as follows: for
z <y,

red if x <"y
A({z,y}) =

blue if y <" x

Then, by the choice of (G, <'), there exists a monochromatic (Hj, <*) € (Iﬁg*) "
If (H§, <*) is monochromatic red, then the non-inverted copy of (H, <) in (Hj, <*)
is a copy of (H,<) in (G,<"), and the theorem is proved. If not, then (Hj, <*)

is monochromatic blue, and the inverted copy of (H, <) in (Hj, <*) is a copy of

(H,<)in (G, <").

Note that it was required that H is connected, since if it weren’t, (G, <") could
have the components of (H, <) and/or (H,<™!) backwards, and a copy of (H, <)
ordered exactly as needed could not be guaranteed. Finally, if a new vertex v was
added in the beginning to make H connected, then v and the edges v is incident

with can now be removed to yield the desired induced subgraph. Il
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5.8.4 The Partite lemma

Nesettil and Rédl’s proof of the Ordered Hypergraph theorem used a generalization
of the Bipartite Lemma (Theorem 5.5.3), generalized to more complex set systems.
In fact, according to Nesetfil [102], the amalgamation generally follows the same line
for any type of partite systems: (1) definition of the systems and the amalgamation,
(2) a partite lemma, and (3) a partite construction. A generalization of the Bipartite

Lemma to ordered hypergraphs is presented here.

Let (H,<) be an ordered hypergraph. Then for two disjoint sets X,Y C V(H),
write X <Y ifforallz € X and ally € Y, 2z <y. For a € Z*, (H, <) is a-partite
iff there exists a partition V(H) = V4 U---UV, such that V; < --- <V, and for any
edge e € E(H), there exists 7,7 € [1,a], i # j, such that eN'V; # 0 and e NV, # 0.
An a-partite ordered hypergraph (H, <) with partition V(H) = Vi U--- UV, is

transversal if for all ¢ € [1,a], |Vi| = 1.

Let a € Z*. Two a-partite ordered hypergraphs (G, <) and (H, <) with partitions
V(G)=ViU---UV,and V(H) = X;U---UX, are said to be partite isomorphic if
there exists an isomorphism f between G and H that is order preserving, and has
the property that for all i € [1,a], f(V;) = X;. The a-partite ordered hypergraph
(G, <y) is said to be a partite ordered induced subhypergraph of (H,<,) if G < H,

for every z,y € V(GQ), x <y y iff © <5 y, and if for all ¢ € [1,a], V; C X;. The set of
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partite ordered induced subhypergraphs of (G, <y) isomorphic to (H, <s) is denoted

2)
H,<2 part’
For a,r € Z7, and a-partite ordered hypergraphs (F, <), (G, <), and (H, <), write

(F7 S) ﬂ>pa1rt (Ga §)7(«H’§)

(F<

B2) = (L), there exists (G, <) € (5

if for every A : p <)
=/ par

. such that (?I/:g)part

is monochromatic under A.

First, a specific case of the partite lemma (when H is complete) is proved.

Theorem 5.8.4 (Nesetfil and Rodl, 1989 [114]). Let r,a € Z*, and let (G, <) and
(H, <) be a-partite ordered hypergraphs. Moreover, let H be transversal in G and

complete. Then there exists an a-partite ordered hypergraph (F, <) such that

(Fa S) Z‘Ld>pa7"t (G> S)Sﬂ}LS)-

Proof. (as given in [68]) Let H = (Y U---UY,, H),G = (XjU---UX,G), H

transversal and complete. Let Y = J{_, Y; and X = J_, X.

First note that since H is both complete and transversal, for any a-partite hyper-

F7§

. F
graph F', there is a one-to-one correspondence between ( H) part and ( i S)part'

If there are vertices of G not contained in some copy of H in (g)parw and if for

G*=G[{ve H:H ¢ (g)pm}] an ordered hypergraph (F*, <) is found such
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that (F*, <) ﬂpm (G*, §)7(«H’§), then each copy of G* in F* can be independently

enlarged to a copy of G to form a graph F' such that (F, <) Epm (G, S)S«H’S)).

Therefore, without loss of generality, assume that each vertex of GG is contained in

some copy of H in (g)part.

and let N = HJ(t,1,r), the Hales-Jewett number (defined in

Lot £ = |(5)

Theorem 5.6.1). Let G’ be the set of edges in G that are contained in some partite

copy of (H,<) in (G)

et (that is, ¢’ = {e € E(H') : H' € (g)pm}), and let

part

g// _ g\g/

Recall that for any S, and integer k, S* denotes the direct product of S with itself
k times. For all i € [1,a], define Z; = X¥. That is, each element v € Z; is of the
form
v=(v1,...,un5) 1 Vj € [1,N], v; € X;.
Let Z = J;_, Z;. For all j € [1, N], define a projection 7; : Z — X defined by
7 (V1. UN) )

Then for all j € [1, N], and for all i € [1,a], 7;(Z;) = X, (7; preserves parts), and

m; is onto. For any I' C Z, let 7;(I") = {m;(v) : v € I'}.

Define the edge set F as follows: for I' C Z, I € F iff one of the following condition
is satisfied: (a) for all j € [1,N], m;(I') € G’, or (b) there exists J C [1, N] and

B € G" such that for all j € J, 7;(I') = B, and for all j € J, m;(I") € G'.
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Notice that if every edge of G is a member of some partite copy of H, then G” is
empty, and (b) never occurs. Finally, let ' = (Z; U---U Z,,F), and order the
vertices of F' lexicographically with respect to the ordering of V(G). It suffices to

prove that (F, <) =% (G, )",

Let A : (Z)part — [L,7]. Suppose H' € (};) and Y’ = V(H’). Then for every

part
e CY' it follows that e is an edge in F' (since H is complete and transversal) and

therefore for every j € [1, N], m;(e) is an edge in G (by the definition of the edges

in F'). Therefore for every j € [1, N], ;(Y’) induces a (partite) copy of H in G.

Similarly, if Y* € [Z] is such that for every j € [1, N], m;(Y™*) induces a (partite)
copy of H in G, then for every e C 7;(Y™*), e € G, and therefore by (a), Y* induces

a (partite) copy of H in F.

Recall that for any set A, and any n,m € Z*, [A]( ) denotes the set of m-parameter

n
m

words of length n over the alphabet A (see Section 5.6)).

For Y’ € [Z]*, the subgraph of F' induced by Y’ satisfies

part

it (@ (V) <), (@) S) € [(f[) ] (5)

Enumerate (g)p ={Hy,..., H}.

art
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Define & ()] (3) = (7] by (for H'€ (),

A'((Gm(V(H)], <), (Gm(V(H))], <), ... (Glan(V(H')], <) ) = A(H).

By the choice if N, there exists h € |:(IG{)part:| (]Y) such that A’ is constant on sp(h).

For each f € [(G)part} (]37), define

H

o) = {v ezl mw e fG) e () }
For g€ [(52) ] (1) 16t 6(9) = Ueupiyy 900)-

To finish proving Theorem 15.8.4 it suffices to prove the following claim:

Claim. The set ¢(h) C Z induces a monochromatic copy of (G, <) (under A) in

(£, <).

Proof of Claim. Define the function ¥ : X — ¢(h) as follows: fix v € X and

assume that for some k € [1,a], v € Xj. For each j € [1, N]|, define

v if h(j) = A, or

Uj:

the vertex of h(j) in X if h(j) # A
(note that this definition is well defined since H is transversal). Then let W(v) =
(v1,...,vn). The function ¥ is then an order preserving isomorphism between
(G, <) and an induced subgraph of (F, <), with each copy of (H, <) inside the same

colour. This proves the claim, and the theorem. Il
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The more general version of the partite lemma can now be stated and proved. The

proof of Theorem [5.8.5| presented below is as given in [68, p. 65].

Theorem 5.8.5 (The Partite Lemma, Nesetfil and Rédl, 1989 [114]). Fizr,a € ZT,
and let (G, <) and (H,<) be a-partite ordered hypergraphs. Moreover, let H be
transversal in G, but not necessarily complete. Then there exists an a-partite ordered

hypergraph (F, <) such that

F ld)part (G, S)gH’S)

Proof. If H is complete, the corollary is exactly Theorem 5.8.5. If H is not
complete, let H' be the complete (transversal) a-partite hypergraph on V(H) (call
the extra edges in H' ‘dummy’ edges). Let G = (X3 U--- U X,, &), and let X =
Ui, Xi. Define a set & C P(X) as follows: for any e € P(X) such that Vi € [1, d]

|6’le| S ]_,

e € E(G) and 3¢’ € E(H) s.t. Vi € [1,a]V;Ne iff ViNe
6662 iff

e E(G) and A € E(H) s.t. Vi€ [L,a|lV;Ne iff ViNe.
Define G' = (X; U---U X,, &) (see Figure 5.11] for an example of the construction
of H and G’). By Theorem 5.8.5 there exists an ordered hypergraph (F’, <) such

that (F',<) 2% . (G, )¢

. By the construction of &, there is a one-to-one
correspondence between the (H', <) partite subgraphs of (G’, <) and the (H, <)

partite subgraphs of (G, <). Therefore, it is well defined to remove the ‘dummy’
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Figure 5.11: Example H, H', G, and G’

edges from each copy of H' in F’. Let F be the hypergraph formed by removing the

‘dummy’ edges from each copy of H" in F’. Then (F, <) ﬂpm (G, <)), O



Chapter 6

Extremal graph theory

In proving results in graph Ramsey theory, other results known as “density results”
are sometimes useful. Density results involve the existence of sufficiently many
“objects” to force some “property”. For example, a traditional density theorem for
graphs is Mantel’s theorem: every graph on n vertices with at least L”{J + 1 edges

contains a triangle.

6.1 Extremal Numbers

Given n € Z%, and any graph G, the extremal number for n and G, denoted

ex(n, ), is the maximum number of edges a graph on n vertices can contain

126
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without containing a subgraph isomorphic to G. For example, if V(G) > n then

ex(n,G) = (3). The extremal numbers have been the subject of a lot of research

(see e.g. [9]).

Density results often yield related Ramsey results. For example, consider the fol-

lowing proposition.

Proposition 6.1.1. If n and r are positive integers, and G 1is a graph such that

%(121) > 6[)’}(71’ G)7 then R(G, 7’) S n.

Proof. Let n,r € Z* be such that 2(}) > ex(n,G), and let A : E(K,) — [1,r].

Since the average number of edges in any colour class is %(g) > ex(n,G), there
exists at least one colour class, say in colour ¢, with more than exz(n, G) edges. This
colour class then has more than ex(n, G) edges, and therefore there is a copy of G

monochromatic in the c-th colour. O

Proposition 6.1.1 shows that as soon as one has an upper bound on the extremal

numbers, there is an associated Ramsey result.
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6.2 Turan’s Theorem

By Mantel’s theorem (mentioned above), ex(n, K3) < . As well, the graph

T.
K 12 ][] contains no triangles and, if n is even, has VIZ edges, which shows
2]1°] 2

that ex(n, K3) > L"{J It then follows that ex(n, K3) = VQJ For all n,k € Z7,

Turan’s Theorem (below) produces the value of, ex(n, K}).

Let n,k € Z*. The k-partite Turdn graph on n vertices, denoted T'(n, k), is the
complete k-partite graph with partite sets Vi, ..., Vi, and on n vertices such that the
partite sets are as close as possible in size; that is, for all 4, j € [1, k], |[|[Vi| —|Vk|| < 1.
Let ¢, € Z* be such that r € [0,k — 1], and n = gk +r. Then r of the partite sets
have ¢ + 1 vertices, and the remaining have ¢ vertices (see Figure [6.1). Note that

there is no copy of Ky, 1 in T'(n, k). Let t(n, k) = |E(T(n, k))|.

Figure 6.1: The Turdn graph T'(n, k)

Theorem 6.2.1 (Turdn’s theorem, 1941/1954 [140), 141]). Let G be a graph on n

vertices. If |E(G)| > t(n,k), then there is a subgraph of G isomorphic to Ky.
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Furthermore, T(n,k) is the unique (up to isomorphism) Kyi1-free graph with n
vertices and t(n, k) edges.
The proof of Turan’s theorem is omitted. There are a number of known proofs of

Turan’s theorem (see, e.g., [3, 7, [79]).

Lemma 6.2.2. Forn,k € Z*, and q,r € Z* such that r € [0,k—1] andn = gk +r,
1 r
t(n,k) = 5(1{:)(](1{ —1)g+ (2) +7r(k—1)q.

Proof. The first term 1(k)g(k — 1)g = (g)q2 counts the edges fully within the

bottom section of the graph. The second term (;) counts edges just in the top row.
The third term r(k — 1)g counts edges connecting the top row with the remainder

of the graph. O]

The following proposition is used in Chapter [7.

Proposition 6.2.3. For all n, k € Z*,

Proof. Let ¢, € Z*, r € [0,k — 2], be such that n = ¢(k — 1) + r. Then

tn,k—1) = %(k —1)g(k —2)q+ (;) +r(k—2)q (by Lemma 6.2.2)

- %(k:—l) <Z:D (k —2) (Z:’{) + (;) +r(k—2) (Z:D
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! o (k—=2\ 7 k-2
= 50 (m)ﬁ(““”(m)”*)
(1, 2nr 40P k—2 r k—2
B <§" T )(k_1)+5<2<"—7”>(m)”—1)
o L2 (R 2
2 k—1 2 k—1
1 5 (k=2 r k—2
= " (m)ﬁ(f(l—m)—l)
1, (k=2 r 1
= 9" (m)*a(?“(m)‘l)
1 k—2 r (k—2
< p?l—= — — = i <k —
< 2n (k—1)+2(k—1 1> (since r < k —2)
1 k—2 -
< —np? | —= i .
< gn (k—l) (since _1<1) O

6.3 The symmetric hypergraph theorem

The theorem known as the Symmetric Hypergraph theorem seems to have been
first published by Graham, Rothschild, and Spencer [65, pp. 99-103]. The authors
also use the Symmetric Hypergraph theorem to produce a relationship between the
graph Ramsey numbers R(G; Ko;r) and the extremal numbers ex(n, ). According
to the authors [65, p. 109], both the theorem and this application have been part

of the “folk literature” [65, p. 110] for some time.

All theorems in this section, unless otherwise stated, are found in [65].
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6.3.1 Preliminaries

For a hypergraph H, an automorphism of H is an isomorphism between H and
itself. The set of all automorphisms on H forms a group under composition, and
is denoted Aut(H). A group G acting on a set X is transitive iff for any elements
u,v € X, there exists a 0 € G such that o(u) = v. A hypergraph H is symmetric
(or vertex-symmetric) if Aut(H) is transitive. The following lemma is used to prove

the Symmetric Hypergraph theorem.

Lemma 6.3.1. Let H = (S,€) be a symmetric hypergraph, and let T and U be

subsets of S. There exists 0 € Aut(H) such that

T)Iv|
g

o(T) N U] =
Proof. Let G = Aut(H). Count the set of ordered triples
P={(o,t,u):0 € Gt e T,uecUo(t)=u}

in two ways.

To count the triples in P in the first way, for any s € S, t € T, define X;, = {0 €
G:o(t)=s}. Lett € T, a,b € S. Since G is transitive, there exists ¢ € G such

that ¢(a) = b, and therefore,

poXia = {poo:0€ Xia},
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= {¢poo:0€G,o(t)=a},
C {deG:d(t) =0},

— Xt,b‘

Consider the function f; : X;, — ¢ 0 X, where fi(0) = ¢ 0 0. Assume for some

01,09 € G, that fi(o1) = fi(o2). Then,

filor) = fi(o2)
iff  ¢gooy = ¢ooy,
iff ¢ logooy = ¢ logooy, (¢~ exists since G is a group)

iff o1 = O03.

Therefore f; is one-to-one, and thus |X;,| < |X;p|. By the same logic, replacing
a and b, it follows that |X;,| < |X;4|. Therefore | X;,| = |Xip|. Since a,b were
arbitrary elements of S, and since for any t € T', a,b € S, X; , N X, = 0, it follows

that for any s € S,

|G|
Xis| = = 6.1
Xl = g (6.1
Therefore,
|P| = |[{(o,t,u):0eGteT,ueclUo(t)=u}

= > ) HoeG:o(t)=u}

teT uelU
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= 20 IXul

teT uelU

= Z Z ||_(S;|| (by equation (6.1))

teT uelU

TIVIIG]
5

(6.2)

To count the triples in P in the second way, for each o € G, let
Yo =A{(t,u): teT,uecUo(t)=u}.
Then,

|P| = {(o,t,u):0eG,teT,ueclUoc(t)=u}

- Z]{(t,u) teT,uelUo(t) =ul

oeG

= > Y.

ceqG
The average cardinality of the Y, sets is
1
— Y, |.
G 2
oceG

So there must be at least one element in G, say oy, so that Y, has at least

ﬁ Y occ |Yo| elements. Therefore, by equation (6.2),

1 [Pl _ [TV
Yool 2 7= D 1Yol = = = =5
|G| 2. Gl 5]

ceG

It now suffices to show that |Y,,| < |oo(T) NU|. Let mg : Y,, — 00(T) N U be the

function projecting each pair (¢, u) onto the second coordinate u, that is, w(t, u) = u.
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Since 0y is one-to-one, the function  is also one-to-one, and thus |Y,,| < |oo(T)NU],

and so,
||

S < Wl < lon(@) 0] -

6.3.2 Statement and proof

Recall that for any graph G, a(G) is the independence number of G, that is, the

maximum number of vertices containing no edge in G.

Theorem 6.3.2 (Symmetric Hypergraph theorem). Let H = (S, ) be a symmetric

hypergraph, € # 0, and let m = |S| > 1. Then,

m (1 - @)X(HH > 1

- b
m

and therefore

Inm

—111(1—M)‘

Proof. Let 7" C S be an independent set such that |T| = «(H). Fix r € Z* such

X(H) <1+

that
m m

m<1_@)r<1 and m(l—@)r_lzl.

Inductively define Uy, ..., U, C S and functions oy, ...,0, € Aut(H) as follows: let

o1 be the identity automorphism on H, and define Uy = S\ T.
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For the inductive step in the definition, let i € [2, 7], and assume that U;_; and 0;_,

have been defined. By Lemma [6.3.1, there exists o; € Aut(H) such that

T|[Uia| _ a(H)
m

(T 1| =
0,(T) (U U

\Ui_1].
Finally, define U; = U;_1 \ 0;(T"). This completes the inductive definition.
Note that for all i € [2,7],

alH
6] = 4] = 04T Ui < 101 = 2051 = 0] (1 -

o(),

Therefore,

U] < |UT_1|(1—C“(H))

< a1
< |U4] (1—@>r 1

Thus |U,| < 1, and so necessarily U, = ). Hence,

S =0 (T)U---Ua(T) (6.3)
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(not necessarily disjoint unions). Since each o; is an automorphism, and 7" is inde-

pendent, each o;(7T) is an independent set. Let
T1 = 01 (T),

T, = 02(T)\T17

T3 = o3(7)\ (11 UTy),

T, = o.(T)\(T7U---UT,_4).
Then by construction, for any i,j € [1,r], ¢ # j, T, NT; = (), and by equation (6.3),
S=TuTlyU---UT,.

The T;’s form an r-colouring of S such that no edge is monochromatic, and therefore

X(H) < r, from which it follows that

m (1 - @)X(H)_l > m (1 - @)H > 1.

m m -

The upper bound on x(H) is proved by the following straightforward algebra:

m (1 - @)X(H)l > ]

m

- (1 ) @)X(H)ll

H X(H)*l
lnm+ln( —M) > ()

Y
o

In

m

) =i (1= 200 >

m
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X(H)ln(l—#)—ln(l—a%{)) > —lnm
X(H)ln(1—o‘<j)) > 1n<1—#)—1nm
) < 1n(1—%)—1nm
N 1@1-@)
Y(H) < 1+ om_ O

—ln<1—w)

The following lemma is a standard lemma in graph theory (see, e.g., [7, p. 147]).

Lemma 6.3.3. Given any hypergraph H = (S,&), x(H)a(H) > |V(H)].

Proof. Colour the vertices of H with x(H) colours so that H has no monochromatic

edge. Let C1, (%, ..., Cy ) be the colour classes formed by this colouring. Then

x(H)

x(H)
V)| = Y |Gl < Y alH) = x(H)a(H), 0

i=1

Corollary 6.3.4. For H = (S,&), a symmetric hypergraph with m = |S|, and

E#0,
m

a(H)

m
< — .
< x(H) < 1+04(H) Inm

[The upper bound in Corollary[6.3.4'is slightly different than that given in the source

(equation (26), p. 100).]

Proof. The lower bound is exactly Lemma 6.3.3. The upper bound is an estimation

of the upper bound given in the Symmetric Hypergraph theorem. Recall that a
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consequence of the fact that for all z € (0,1), e > 1 — x is that for z € (0,1),
r < —In(1 —x). (6.4)

Therefore,

Inm
—In(1 — 20y

xX(H) < 1+ (by Theorem 6.3.2)),

1
1+ % (by equation (6.4) with = = @),

= 1+ Inm. O

a(H)

6.3.3 Application to graph Ramsey numbers

What follows is a connection between the graph Ramsey numbers and the extremal

numbers.

Let H = {H,,}5°_, be a sequence of symmetric hypergraphs H,,, = (S, &) with the

|Sm|

properties that for all m € Z*, &,, # 0, and )

is a strictly increasing function

in m. Let f(m) = a‘(i_}”ﬂl), and let g(m) = 1+ f(m)1In|S,,|. Then by Corollary (6.3.4,

for all m € Z+,

f(m) < x(Hp) < g(m). (6.5)

Lemma 6.3.5. Let H, f,g be as above, and let t € Z*. Then there exists a least
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M = Ry(t) satisfying

g () < Ra(t) <1+ f7(1)
such that for all m > M, x(H,,) > t.

Proof. (Upper bound) Let z > f~1(¢) + 1. Then

X(Hy) > f(x) (by the left inequality in (6.5))
> f(f'(t)+1) (since f is increasing)
> f(f) (since f is strictly increasing)

Therefore Ry (t) < f7H(¢) + 1.
(Lower bound) Let M = Ry(t). Then

g(M) > x(Hpy) (by the upper bound in (6.5))

> t  (by the definition of Ry(t)).

Since f is increasing, g is also increasing, and therefore g(M) > t iff Ry (t) = M >

g '(t). O

Let G be a graph. For each m € Z*| let S,, = F(K,,), and

s {rir e (5))
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Let H = {H,,}3°_, be the sequence of hypergraphs H,, = (S, En). Then a(H,,) =

ex(m, Q).

Example. Let G = K3, and m = 4. Then the vertices in H4 are edges of Ky, with

edges copies of K3 inside the K. If the vertices of the Ky were {a,b,c,d}, then

S1 = {{a,b},{a, ¢}, {a, d},{b, c}, {b, d}, {c, d}},
&y ={{a,b,c},{a,b,d},{a,c,d}, {b,c,d}}.
Theorem 6.3.6. For any t € Z*, Ry(t) = R(G; Ka;t).
Proof. The proof is just a matter of unravelling the definitions.

Ru(t) = theleast M s.t. Vm > M, x(H,,) >t
— the least M s.t. Vm > M, (and a hyperedge e,,), Hp — (em)F
= the least M s.t. Ym > M, K,,, — (G)*>.  (by the definition of H)

= R(G; Ks;t). O

Corollary 6.3.7. Fiz a graph G. If

o= —D ot gm)=1+ fm)n m)

ex(m, Q)
are strictly increasing functions in m, then g~ '(t) < R(G; Ka;t) < f71(¢t) + 1.

For example, when G = Cy, it is known (see, e.g., [13] and [47]) that for some
constant cy,

ex(m, Cy) ~ cyn®?.
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Proposition 6.3.8 (Graham, Rothschild and Spencer, 1990 [65]). There ezist con-

stants cy, c5 such that for allt € 7+, t > 2,

C5t2

Tz L o) < RC Kait) < cut?.

Proof. (as presented in [65]) Since ex(m, Cy) ~ ¢;n/?, for some constants ¢, and
Cs,

()

—2l  — ym!/? 0
2 (m. G) (1+o0(1))

f(m) =
and
gm) =1+ f(m)In (7721) = cgm?Inm(1 + o(1))

Both f and g are strictly increasing functions, and so the bounds in Corollary 6.3.7
hold. The inverse of f is, for some constant ¢y, f~1(t) = c4t?, which together with
Corollary 6.3.7, proves the lower bound. Finding the inverse of g is not as easy. Let
W (y) be the inverse of the function y = xe”, i.e.,

y = xe” = x=Wi(y).
The function W (y) is known as the Lambert W function (see, e.g., [31]).
2W(3%)

2c3

Claim 1. g7} (y) =¢
Proof of claim 1. The proof of Claim 1 is by the following algebra:

y = csv/mlInm,
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= ™V Inm,

1 1
_y = C eln\/a - lnm 3
2 2
= ™V (In/m),
1
5V = ue (letting u = In\/m),
C3
Y
wi(l-2L) =
<:2c3:> ZL
= Inym,
M) =
QQW(;‘iB) = m,

which proves the claim.

To prove the upper bound in Proposition 6.3.8, by Corollary 6.3.7, it now suffices

to prove the following claim.

Claim 2. For all y € RY, W(y) = (1+0(1))(Iny — Inlny), and therefore for some

constant cs,

C5t2

07 1) = (1 o)

Proof of claim 2. Let ¢ be the real-valued function ¢ : x — xe*. Then

iff ¢ ((1+0(1))(lny — Inlny))

iff (140(1))(Iny —Inln y)e(Ho(l))(l“y_l“l“y)

(I1+o0(1))(Iny —Inlny),
(1+o(1))y,

(1+0(1))y,
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iff (1—|—0(1))(lny—lnlny)yﬁ = (1+o0(1))y,
iff (14 o0(1)) (1—111:;”)@/ = (1+0(1))y,

which holds. Therefore

W(y)=(1+o0(1))(Iny —Inlny). (6.6)

Then the closed form for g=1(y) is found as follows:

7w = (1+o(1)e™ () (by Claim 1),
— (1 4 o(1))e2(m ety o) (by equation (6.6)),
e () ()
= (1+o(1) | —

2c3In (%) ,

=a+dm%(yf,

Iny

which proves Claim 2, and the proposition. O]



Chapter 7

Linear Ramsey theory

7.1 Introduction

The diagonal graph Ramsey numbers for complete graphs grow exponentially in
terms of the number of vertices, but not all graph Ramsey numbers grow nearly
this fast. For instance, a consequence of Theorem 4.4.2] is that the graph Ramsey
numbers for trees are, at worst, quadratic in the number of vertices. A family F of
graphs is linear Ramsey iff there exists a constant ¢ = ¢(F) such that for all G € F,

R(G,G) < |V(G)|.

In one of the earliest papers on the topic of Linear Ramsey theory, Burr and Erdos

144
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presented the following two examples of linear Ramsey families.

Theorem 7.1.1 (Burr and Erdés, 1973 [16]). For any graph G, the family
F={G,2G,3G,...}

is linear Ramsey with ¢(F) = R(G,G) + 2.

Proof. Fix a graph G, and let F = {G, 2G, 3G, ...}. Set ¢ = ¢(F) = R(G,G) + 2.

Then, for any positive integer k,

R(G,kG) < R(G,G)+ (k—D|V(G)|+ (k—1)[V(G)| (by Theorem 4.4.3)

 /R(G,C) 2
- (I 2 1) v

< (R(G,G) +2)|V(kG)|

= V(EG)|. O

Theorem 7.1.2 (Burr and Erdés, 1973 [16]). The family F = {4K,,4*K,, 43K, ...}

is linear Ramsey with ¢(F) = 3.
Proof. By Corollary 3.2.2 (the upper bound on the traditional Ramsey numbers),
for any i € Z*, R(K;, K;) < 4'. Therefore for any i € Z*,
RWK;,4'K;) < R(K;, K;)+ (4" —1)i+ (4 —1)i (by Theorem 4.4.3)
< 44 2i(4" 1)

1 2\
= (242 Z2)i
(i+ 4@)Z

< 3|VHA'Ky)|. O



7.2. Bounded maximum degree implies linear 146

7.2 Bounded maximum degree implies linear

The main result of this section is a result of Chvatal, Rodl, Szemerédi and Trotter,
who proved in 1983 [28] that for any d € Z*, the family of all graphs with max
degree less than or equal to d is linear Ramsey. The proof presented here is found
in Diestel’s book [33], which is based on the original proof by Chvatal et al. For
this proof, three theorems in graph theory are used: Szemerédi’s Regularity lemma,
Turdn’s theorem (given already as Theorem [6.2.1)), and the familiar finite version

of Ramsey’s theorem (Theorem [1.2.3).

Throughout this section, G and H are graphs, and € > 0.

7.2.1 Szemerédi’s Regularity lemma

Let X, Y CV(G), XNY =0. Let Eg(X,Y) denote the set of edges of G between
X and VY, ie.,

EeX,)Y)=EG)N{{z,y}:z e X,ye Y}
The edge density between X and 'Y is

|Ee(X,Y)]
pG(Xa Y) =
XY

(when it is clear which graph the density is in, the G may be omitted). For ¢ > 0,

the pair (X, Y) is said to be e-regular iff for all A C X, B C Y satisfying |A| > ¢|X]|,
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|B| > e|Y],

[p(A, B) = p(X,Y)[ <e.

A partition V(G) = VoUVLU- - UV} is e-regular if 0 < |Vy| < e|V(G)], [Vi| =+ =
|Vi|, and at most s(g) pairs of the form (V;,V;), 1 <i < j < k, are not e-regular.

A graph G is e-regular if it admits an e-regular partition.

Lemma 7.2.1. Let €g,&1 be such that 0 < ¢y < g1 < 1. If P is an eq-reqular
partition V(G) = Vo U Vi U--- UV, then P is also an e1-reqular partition of V(QG).

Therefore, every eo-reqular graph is also e1-reqular.

Proof. Let P be an gyg-regular partition V(G) = Vo uVyU---U V. Let i,5 € ZT,
i < j, besuch that (V;, V}) is eg-regular. Let A C V; and B C V; satisfy |A| > 1|V},
|B| > &1|V}|. Then |A| > &1|Vi| > €o|Vi|, and | B| > &1|V}| > &0|Vj|, and since (V;, V;)
is gg-regular,

p(A, B) = p(Vi, Vj)| < g0 < &1,

which shows (V;,V;) is e;-regular. Therefore every ep-regular pair (V;,V;) is also
e1-regular, and each pair (V;,V;) that is not e;-regular is also not gp-regular. Thus

the number of pairs (V;, V;) that are not e;-regular is at most the number that are

at not gg-regular, which is at most g (g) <& (g) ]

Note that ¢ is used a number of times in the above definitions, and so the definitions

could have been made using “different £’s”. One could, for example, define the pair
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(X,Y) to be (e1,ey)-regular iff for all A C X, B C Y satisfying |A| > &|X|
B > €1|Y|,

p(A, B) = p(X,Y)| < e,

and one could define a partition V(G) = VyUVLU- - -UVj to be (1, 2, €3, £4)-regular
if 0 < |Vo| < &3|V(G)|, |[Vi| = -+ = |Vk]|, and at most e4-regular pairs of the form
(Vi,V;), 1 <i < j < k are not (g1, ey)-regular. However, for the purposes of this

work, all the €’s are taken to be the same.
Lemma 7.2.2. For any A, B C V(G) with ANB =0, pc(A, B) =1— ps(A, B).

Proof. By the definition of pg(A, B),

[Ec(A, B
Al B]
[AllB] = [EG(A, B)|
|A[|B]
_ |Eg(A, B)|
|A[|B]

IOG(A? B)

= 1—p§(A7B) O

Lemma 7.2.3. For any disjoint sets V1, Vo C V(G) such that (V1,V3) is e-reqular
in G, the pair (V1,Va) is also e-regular in G. Therefore, if G is e-regular, admitting
an e-reqular partition P, then G is also e-reqular, witnessed by the same partition.
Proof. Let V1,V, C V(G) be disjoint sets such that (V;,V5) is an e-regular pair in

G. Let ACV,, BCV; with |A| > ¢|V;|, |B| > ¢|Vj|. Then

p6(A.B) = (Vi V)l = (1= pe(A, B)) — (1 pe(Vi, ;)| (by Lemma 72.2)
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= |pa(Vi,Vj) — pa(A, B)|

IA
™

(since (V;,V;) is e-regular in G). O

Lemma 7.2.4. Let G be a graph containing an e-reqular pair (A, B). Let d =
p(A,B), and let Y C B, |Y| > ¢|B|. Then more than (1 — ¢)|A| vertices in A have

at least (d — €)|Y| neighbours in'Y'.

Proof. Let X be the set of vertices in A with fewer than (d — €)|Y| neighbours in

Y. Then

[ XI(d=2)Y] _

p(X,)Y)—d<
| X|Y]

d= —¢.

Therefore p(X,Y) — p(A, B) < —e. Since (A, B) is e-regular, and |Y| > ¢|B|, if it

were the case that | X| > ¢|A], then
|p(X> Y) - IO<A7 B)‘ <eg,

which is not true. Therefore | X| < ¢|A]. O

Szemerédi published his “regularity lemma” in 1978 [I38] after using a bipartite
version of the regularity lemma in order to prove a conjecture of Erdés and Turan
[49] relating to arithmetic progressions in the integers. For k,n € Z*, let ri(n)
denote the greatest integer ¢ such that there exists 0 < a; < ax < ... < ay < n

such that {ai,...,a,} does not contain an arithmetic progression of k terms. The



7.2. Bounded maximum degree implies linear 150

conjecture of Erdds and Turdn [49], which Szemerédi [137] proved, was that for all

k€ 7", ri(n) is o(n) (that is, lim,_ = = 0).

n

The regularity lemma has been restated in many different forms over the years, and

the following form is found in [33].

Lemma 7.2.5 (Szemerédi’s Regularity lemma). For everye > 0, andm € Z, there
exists M = M(e,m) € Z*, such that for every graph G with at least m vertices, there

exists k € [m, M] such that G admits an e-regular partition V(G) = VoUViU- - -U V.

The proof of the regularity lemma is omitted, and may be found in, e.g., [7] and
[33]. The interested reader can see [84] and [85] for detailed surveys on applications

of Szemerédi’s Regularity lemma in graph theory.

7.2.2 Regularity graphs

For a graph G with e-regular partition P : V(G) = VoUWV U--- UV, and d € R,
0 < d < 1, the regularity graph for G (with partition P and parameter d), denoted

REG”(G;d), is the graph with vertex set {V4,...,V;} and edge set
{{Vi,V;}: (Vi, V) is e-regular, and p(V;,V;) > d}.

When it is clear which partition is used, REGY (G;d) may be written as sim-

ply REG(G;d). For any s € Z*, let REG?(G;d) denote the graph formed from
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REGY(G; d) by replacing each vertex in REGY(G;d) with s independent vertices,

and each edge by a complete bipartite graph K ;.

The following Lemma proves a sufficient condition for a graph H with bounded max
degree to be found in an e-regular graph GG, which is used to prove the main result

that the set of graphs with bounded max degree is linear Ramsey.

Lemma 7.2.6. For all D > 1, there exists eg = eo(D) > 0, such that for any
graph G admitting an eg-reqular partition V(G) = Vo UV U--- UV, £ = V3| =
o = |Vi|, any graph H with A(H) < D, and for any positive integer s < %, if

H C REG,(G; %), then H C G.

Proof. Let D > 1. Choose ¢y > 0 small enough so that ¢y < %, and

(such a choice is possible since as g — 0, (% — 50)D — Deg — (%)D)

Let G be an gy-regular graph admitting the gy-regular partition V(G) = VU V; U
UV Let £ = |Vi| = - = |V4], and let s < 57. Let H be any graph with

A(H) < D, and assume that H C REG,(G; 3) (see Figure [7.1).

Note that H C REG,(G; 3) implies that s > 0. Enumerate V(H) = {u1,...,up}.
The graph H is embedded in G with the embedding defined inductively as follows.

Let o : [1,h] — [1, k] be such that for all i € [1,h], u; is in the set of s vertices in



7.2. Bounded maximum degree implies linear 152

G

REG(GZ) (e——e -+ o)
REG(G3)

Figure 7.1: Definition of REG(G, %) and REG(G, %)

REG(G, %) that replaced V() in REG(G; %)

For each i € [1, h, let

For any n € [0,h], let H, = H[{u1,...,u,}], and let J(n) be the statement that
there exists an embedding f of H, into G, and that for all i € [1,h], the sets

Y;" C V,(4) have been defined and satisfy

. 1 dean(Ui)
;" >4 5 <o

(note that Hy is accepted to be the null graph, the graph containing no vertices and

no edges). To prove Lemma [7.2.6, it suffices to show that J(h) holds.

Base Case: Since the null graph is (trivially) a subgraph of every graph, and since
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Y| = |V,)| = ¢, the statement J(0) holds.

Inductive Step: Let m € [0,h — 1], and assume that J(m) holds. Let f be an

embedding of H,, into G.

Then for all i € [1, A,

1 degHm(ui)
;" > ¢ (5 - 50) (since J(m) holds)
1 D
> ! <§ - 50) (since degy (u;) < A(H) < D)
1 D
=/ [(5 — 50) — Deg| + D¢y
¢ ! (D he choice of
5p71 Dz (by the choice of &)
> s+ (D¢ (by definition of s). (7.1)

Let I = {i >m: {tpy1,u;} € E(H)}. Foralli>m,i¢ I, let V"' = Y™ Fix

some ¢ € I. Then let

A = Va(m+1) )
B = Va(i)a
Y = Y™

7

By equation (7.1), |Y| = |Y/*| > s + Deol > eof, and so Lemma [7.2.4] can be
applied to yield a set of more than (1 —eg)|A| vertices in A that each have at least

(% — €0)|Y| neighbours in Y.
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Since |I| < D, applying Lemma [7.2.4 repeatedly (for each i € I) implies the ex-
istence of a set of more than (1 — Dgg)|A| vertices in A (and thus more than
Y™ | — Deo|A| vertices in Y, C A) that each have at least (3 — €0)|Y;™| neigh-

bours in each Y;”. Then since

Y 1| = Deo|A| = Y0 4| = €Deg > s >0 (by equation (7.1)),
there is at least one vertex v,,1; left in Y, ; with the desired properties. Extend f
to f* by defining f*(um—i-l) = Um+1-

Then for all i € I, let Y"*" = Y™ N Ng(vpmy1). Then

1
e 2 (5w b

1 degpy,, (ui)+1
1 (5 - 50> (since J(m) holds)

1 degHm+1(u,-)
= ¢(=- .

Therefore for all ¢ € [1, h),

Y

degy,, . (u:)
|}/;m+1| Z é (% _ 60) +1

and so J(m + 1) holds, finishing the inductive step.

Thus by mathematical induction, for all n € [0,h], J(n) holds. Specifically, J(h)

holds, which proves the lemma. Il
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7.2.3 Chvatal et al.’s proof

The main result of this chapter can now be stated and proved.

Theorem 7.2.7 (Chvatal, Rodl, Szemerédi and Trotter, 1983 [28]). For all d > 1,
there exists ¢ = c(d) such that for all graphs H with A(H) < d, R(H,H) < c|V(H)|.
Proof. For any D > 1, € > 0, let S(D,¢) be the statement that for any graph G
admitting an e-regular partition V(G) = VoUWV U---U Vi, £ = |Vi| = -+ = |V,
for any graph H with A(H) < D, and for any positive integer s < s, if H C

REG(G;1), then H C G.

Fix D > 1. By Lemma [7.2.6, there exists g > 0, g9 = €o(D), such that S(D, )

holds. Let m = R(D + 1, D + 1), the Ramsey number, and let £ > 0 be such that

. 1
< — (-
€ < min {60, mm = 1)}

By Szemerédi’s Regularity lemma (Lemma [7.2.5), there exists M = M (e, m) € Z*,

such that for every graph G on at least m vertices, there exists a k € [m, M] such

that G admits an e-regular partition V(G) = Vo U Vi U---U V. Let ¢ = PD;;M-‘ .

Let H be any graph with A(H) < D. Let s = |[V(H)|, and let n = ¢s. Two-colour

the edges of K, with green and blue, and let G be the green graph (and G the blue

graph).
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Since

V(G| =n=cs>M2>m,

the regularity lemma implies that there exists k € [m, M] and an e-regular partition

V(G) =VouWuU---UV, Let £ = |Vj| = --- = |Vi|. The number of edges in

REG(G;0) is at least

(1—5)@) _

v

>

1 k—1

SRR ) (1=

() -9

1, 1 (k-1

SE2 1o - (X

-5 ()

1, 1 k-

51{: (1_E_€> (smce <1)
1 1 1

k2 1-=— i

2 ( k m(m—n) <Smc“<m<m—1>)
1 1 1 1

K21 - — 4=

2 ( k m—1+m>

1, 11 1 _

SR (1 — 4= <

2k ( —1 + k;) (since m < k)
1, 1

- 1 =

Qk( m—l)

le m — 2

2 m—1

t(k,m —1) (by Theorem 16.2.3)).

Therefore by Turan’s theorem (Theorem 6.2.1), there is a copy of K,,, call it K/ ,

inside REG(G;0).

Colour the edges of K/, red and white as follows: colour {V;, V;} red if p(V;, V;) > 1,
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and white if p(V;,V;) < 3. Since m = R(D + 1, D + 1), there is a monochromatic

copy of Kpy1 in K, call it K, ;.
Claim 1. s < 5.

Proof of Claim 1.

= Vil == Vi
-l
k
> n —ksn (since |Vo| < en)
S (since k < M)
> n(—; since k <
1—¢ .
= ¢s < i ) (by the definition of n)
2D+ hr 1—¢ .
= ( - ) < i ) s (by the definition of ¢)
— 2D+18

Y

and Claim 1 is proved.

If Kj,, is red, then K3, € REG(G; %) Apply S(D,eq) with G, H, and s to get
that if # C REG,(G;3), then H C G (the requirements on s in S(D, &) hold by

Claim 1). But,

H C Ks ... s (since s = |[V(H)|)
(H)
C Ks,...,s (since x(H) < A(H)+1< D +1)
——
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C REG; (G; %) (since K. € REG (G; %)) :

Therefore H C G.

If K7, is white, then since the e-regular partition of G is also an e-regular partition
of G (by Lemma [7.2.3), applying S(D, o) with G, H, and s, by the same logic as

above since K},,;, C REG (G; 1), it follows that H C G. O

In 2000, Graham, R&dl, and Rucinski [62] published a proof to Theorem [7.2.7
avoiding the use of the regularity lemma, and improving the constant ¢ = ¢(d). The
same authors published a year later [63] that, for bipartite graphs of max degree,

the constant could be further improved.

7.3 A Burr-Erdos conjecture

In their 1973 paper, Burr and Erdds presented a conjecture in the field of Linear
Ramsey theory that is still open today. Recall (see Appendix) that a forest is an
a-cyclic graph. Given a graph G, the arboricity of G, denoted Y (G), is the minimum
number 7 so that there exists a partition E(G) = E; U --- U E, such that for all
i € [1,7], the graph G; = (V(G), E;) is a forest. For example, T(K,) = 2 since K,

can be separated into two Py’s, and Y (K3) = 3 since K5 can be separated into two
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P; U Ky, and one K.

Conjecture 7.3.1 (Burr, Erdés 1973 [16]). For any d € Z*, the set of graphs with

arboricity at most d is linear Ramsey.

Define the edge density of a graph G by

EP)
PC) = e )

Recall that for any graph G, 6(G) denotes the minimum degree over all vertices
of G. For any k € Z™", a graph is k-degenerate iff every subgraph of G contains
a vertex of degree less than or equal to k. Alternatively, G is k-degenerate iff
max{d(F) : FF C G} < k. For example, for any fixed n € Z*, K,, is n-degenerate,
and (n — 1)-degenerate, but not (n — 2)-degenerate. The degeneracy number of a

graph G, denoted o(G), is the least k such that G is k-degenerate.

Theorem 7.3.2 (Burr and Erd6s, 1973 [16]). For any graph G,

50(G) < p(G) < X(G) +1 < 20(C) +1.

Proof. Let GG be a graph. To see the first inequality,

1 1
500 = 5maxd(F)
< Lo LS deg(v)  (since 6(F) < —— 3 deg(v)
< Q%gé‘V(F)’UGV(F) eg(v since < |V(F)|vev(F) eg(v
1 2lE(F)]
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= p(G).

For the second inequality in the statement of Theorem [7.3.2) as pointed out by

Harary [72, p.90], Nash-Williams proved that for any graph G,

[E(F))
T(G) = max {WJ . (7.2)
Therefore,
o [EG)] [E(F)) |E(F)) _
O = i <o < B g = T

To prove the third inequality in the statement of Theorem [7.3.2, first note that if
(G is empty, the inequality is trivially true, so assume for some non-empty graph G

that the inequality failed; that is, assume Y(G) > 20(G). Then by equation (7.2),

|E(F)]

there exists F' C G such that e

> 20 (@) (since G is non-empty, o(G) > 0,
and therefore F' is also non-empty). By the definition of o(G), every subgraph of

|E(F)]

GG must contain a vertex of degree at most IGGIEDE

Let n = |V(F)|, and enumerate V(F') = {vy,...,v,} so that for each i € [1,n], v;

is the vertex of minimum degree in F; = F[{vy,...,v;}]. Then,
[E(F)] = ) degp(v)
i=1
= ZdegFi(vi) (since F} = K;)
=2

" B(F)
< 2 o)
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a contradiction since F' was non-empty. Therefore for all graphs G, T(G) < 20(G).

]

The consequence of Theorem [7.3.2/ relevant to this section is that a family of graphs
has bounded arboricity iff it has bounded edge density iff it has bounded degeneracy

number.

Burr and Erdos admit that Conjecture(7.3.1, if true, is not best possible, as exhibited

by the linear Ramsey family of graphs F = {4'K; : 1 € ZT}.

Theorem 7.3.3. The family F = {4'K; : i € Z"} has unbounded degeneracy

number.

Proof. For all 1 € Z™,

c(4'K;) = max{d(F) : F C4'K;} = §(4'K;) =i — 1.

Therefore as i increases, 0(4'K;) goes to infinity. O
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7.4 Arrangeable graphs are linear Ramsey

Chen and Schelp [23] generalized Theorem [7.2.7| with the following (new) family
of graphs: for any k € Z*, a graph G is k-arrangeable iff there exists an ordering
v1, ..., v, of V(G) with the property that for all i € [1,n—1], if L; = G[{v1, ..., v;}]

and R; = G[{v;,...,v,}], then
UV (@) 2 € N, o)} < k.

Stated another way, G is k-arrangeable if there exists an ordering vy, ..., v, of V(G)

with the property that for all i € [1,n — 1],
{vj:j <iand3ds>ist. vse N(v;) NN(vj)} < k.

In order to aid in understanding of what a k-arrangeable graph is, some examples

are provided here.

Proposition 7.4.1. Every cycle is 2-arrangeable, and not 1-arrangeable.

Proof. Let n € Z*, and let G = C,. To see that G is 2-arrangeable, order
V(GQ) = {v1,v9,...,v,} such that E(G) = {{v;,vis1} 10 € [1,n — 1]} U {{v1,v.}}.

For each i € [1,n — 1], let S(7) be the statement that

N () s 2 € N, (o)} < 2.

It suffices to show that for each ¢ € [1,n—1], S(i) holds. Since L; = K3, S(1) holds.
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For each i € [2,n — 1],
UtNL (@) s @ € Ni(0)}] = [Nz (vi)| < 2,
and therefore S(i) holds, proving G is 2-arrangeable.
To see that G is not l-arrangeable, let V(G) = {vy,vs,...,v,} be any arbitrary
ordering of V(G). Set Ng(v,) = {v;,v;} with ¢ < j. Then

UV (@) s & € Niy ()} = [Nz, (o) = 2 =

Note that the first part of the proof of Proposition 7.4.1 relies only on the fact that
cycles are 2-regular. Similarly, the second part only relies on the fact that 6(G) > 2.

Therefore the same arguments can be improved to yield the following corollaries:
Corollary 7.4.2. Every 2-reqular graph is 2-arrangeable (and not 1-arrangeable).

Corollary 7.4.3. Let k € Z*, and let G be a graph with §(G) > k. Then G is not

(k — 1)-arrangeable.

Proposition [7.4.1 (and Corollary [7.4.2)) do not exhibit all 2-arrangeable graphs. The

graph G = K\ e is 2-arrangeable, as shown by the following ordering of the vertices

Eoe

The following theorems relate “arrangeability” to the degeneracy number and the

of G.

maximum degree of a graph.
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Theorem 7.4.4 (Chen and Schelp, 1993 [23]). For all k € Z", every k-arrangeable

graph is k-degenerate.

Proof. Let k € Z*, and fix a k-arrangeable graph G. For any i € [1,n—1], let L; =
G[{vi,...,v}] and R; = G[{v;,...,v,}]. Let G be ordered as V(G) = {vy,...,v,}
such that for all i € [1,n — 1],
UtVe (@) s o € Na ()} < k.
Let ¥ C G, and let V(F) = {ws,...,w,} be the ordering of the vertices of F
respecting the ordering of V(G). If degp(w,,) = 0, then §(F) = 0. Otherwise, let
w; € Np(w,,) be the neighbour of w,, with the highest index with respect to the
ordering of V(G) (i.e. for all ¢ € Z*t, j < £ < m, wy ¢ Np(wy,)). Then,
O(F) < degp(wm)

= [N, (wn)|

< U (@) s @ € Ny )}

< k.

Then since I’ was an arbitrary subgraph of G, G is k-degenerate. O

Theorem 7.4.5 (Chen and Schelp, 1993 [23]). For all d € Z*, every graph with

maz degree at most d is (d(d — 1) + 1)-arrangeable.

Proof. Let G be a graph such that A(G) < d, and let vy, ..., v, be an arbitrary or-

dering of V(G). Then for alli € [1,n], |[N(v;)| < A(G) < d. Let L; = G[{vy,...,v;}]
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and R; = G[{v,...,v,}]. Then |Ng,(v;)] < d, and so ||J{NV,(z) : © € Ng,(v;)}| <

d(d—1) + 1. O

The following theorem is the main result in this section.

Theorem 7.4.6 (Chen and Schelp, 1993 [23]). For any k € Z*, the family of

k-arrangeable graphs is linear Ramsey.

The proof of Theorem [7.4.6/ is omitted.

Recall that a graph is planar if it can be drawn in the plane with no edges crossing,
and outerplanar if it can be drawn with all vertices on a circle with no edges
crossing. Chen and Schelp showed that every forest is 1-arrangeable (a consequence
of Proposition [7.4.1), every outerplanar graph is 3-arrangeable, and every planar
graph is 761-arrangeable, thereby proving that the family of planar graphs (which
contains all forests and outerplanar graphs) is linear Ramsey. They also show that
Theorem [7.4.6 is not equivalent to Conjecture [7.3.1 by constructing an infinite
family of graphs with bounded edge density, but for which there is no finite k£ such

that all are k-arrangeable.
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7.5 d-degenerate graphs are quadratic Ramsey

In 2003 and 2004, two “major” theorems were proved, making progress towards
proving Conjecture [7.3.1. The first, due to Kostochka and Sudakov [89], proved

with the probabilistic method that for any d € Z*, and any d-degenerate graph G,
R(G,G) < [V(G)|*W.

The second, due to Kostochka and Rodl [87], showed that if d-degenerate graphs
are not linear Ramsey, they are at worst “polynomial” Ramsey (in fact “quadratic”
Ramsey). The former is omitted, but the latter is presented here in detail. All
following theorems and lemmas, unless otherwise noted, are from [87]. The theorem

to be proved is as follows.

Theorem 7.5.1 (Kostochka and Rodl, 2004 [87]). For any d € Z*, and for any

d-degenerate graph G, there exists a constant ¢ = c¢(d) such that
R(G,G) < V(G)*.

The proof of Theorem [7.5.1/is long (approximately the next sixteen pages), and this

result is not used again. Therefore, the proof can be safely skipped by the reader.

The following elementary fact is used (without proof):

Proposition 7.5.2. Let X be a set, and let A C X,B C X. Then |[AN B| =

|A| + | B| — |[AU B|, and more specifically, |AN B| > |A| + |B| — | X]|.
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Theorem 7.5.3. Let k,d € Z*, and let G be a graph with §(G) > k. Then for any

V1y...,Vq € V(G),
d

(N ()

1=1

> dk — (d—1)[V(G).

Proof. The proof is by induction on d. For any d € Z™", let S(d) be the statement

that for all d vertices vy, ...,v4 € V(G),

d

(N (v)

i=1

> dk — (d - D|V(G)].

Base Case: The statement S(1) reduces to Vv € V(G), |[N(v)| > k, which is true.

Inductive Step: Let m > 1, and assume that S(m) holds. Let vy,...,v,41 € V(G).

Then

m+1

.ﬂ N (v;)

m

(N (w)

=1

+ |[N(vgs1)] = [V(G)|  (by Proposition 7.5.2)

mk — (m — 1)|V(G)| + |N(vgs1)| — [V(G)|  (since S(m) holds)

v

mk — (m —1)|V(G)|+k—|V(G)| (since 6(G) > k)
= (m+1k—m|V(G)|.

Therefore S(m + 1) holds, and by induction, for all d € Z*, S(d) holds. O

Lemma 7.5.4. Let ¢ > 0,A > 0,n > 1, and let H be a graph on n wvertices with

E(H) > (c+ A)(3). Then there exists an induced subgraph H' < H such that
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Proof. Assume the lemma is not true. Then every induced subgraph H' of H has

S(H') < e(|V(H) — 1) + %”

Sort the vertices of H as vy, ..., v, such that in the graph H; = H[{vy,...,v;}], the

vertex v; is of minimum degree. Then Ky = Hy < Hy, < ... < H, = H.

Counting the edges of H,

B(H)| = degy, ()

< Z (c(|V(H,)| -1+ &) (by assumption)

1=2

VAN

|E(H)| (by the definition of H).

Thus |E(H)| < |E(H)|, a contradiction. O

The proof of the main result, Theorem [7.5.1] is separated into two cases. First, it is
shown that if a graph H is large enough, and contains a large subgraph without too
many edges, then H contains every d-degenerate graph. Second, it is shown that if
a graph H is large enough, and every large subgraph contains many edges, then H

must contain every d-degenerate graph.
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Let d,n,s € Z*. A graph is said to have the (d, n)-property iff every d vertices have
at least n — d common neighbours, i.e., G has the (d, n)-property iff for all distinct

d vertices vy, ...,v4 € V(G),
IN(vi) N+~ N N(vg)| >n—d.
For example, the only graph on n vertices with the (1,n)-property is K.

Lemma 7.5.5. Let n,d € Z*, and let H be a graph with |V (H)| > 4n such that

there exists an induced subgraph H' < H on at least 4n vertices satisfying

s <5575 )

Then H' contains a subgraph with the (d,n)-property.

Proof. Let k = |V(H')|. Then,

B = (5) - [5(5)]

Letc=1- é A= Then by Lemma [7.5.4, there exists H; C H’ such that
R V HI
S = V()| -1+ A0 (2 )

- (Do (2

= v -0+ L
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Then for all vy,...,vq € V(H;),

d

i=1

> (V) - 04 )~ @ DIV Gy Thn 753

= (= DV = )+ 5~ @DV ()

- -+t

4
> —d+1+Z” (since |V (H')| > 4n)

= n—d+1
> n—d.
Therefore H;, C H' has the (d, n)-property. ]

Lemma 7.5.6. For all d,n € Z", every graph with the (d,n)-property contains as

a subgraph every d-degenerate graph on n vertices.

Proof. Let d,n € Z*, let H be a graph with the (d,n)-property, and let G' be a
d-degenerate graph on n vertices. Order the vertices of G as x1, ..., z, such that z;
is of minimum degree in G; = G[{z1,...,z;}]. For any m € [1,n], let J(m) be the

statement that there exists a function f embedding G,, into H.

Base Case: Since Gy = K7, J(1) holds.

Inductive Step: Let k € [1,n—1], and assume that J(k) holds. Let f : {z1,..., 23} —

V(H) be an embedding of G, into H, and let Y = Ng,,, (Tr41)-
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Informally, let S € [V(H)]? be such that f(Y) C S, and
[Nu(S) N (V(H)\ f(Gr)] = 1.

This unusual definition for S is due to the fact that S always needs to be a set
of d vertices, should contain f(Y'), and needs to be such that there is at least one
common neighbour of the vertices of S outside of f(Gy). Formally, if £ < d, let
S € [V(H)]? be any set such that f(G},) C S. Otherwise, if k > d, let S € [V (H)]?

be any set such that f(Y) C S C f(Gy) (see Figure[7.2)). Since |S| = d, and H has

Figure 7.2: The embedding f, and the set S.

the (d, n)-property, the vertices in S have n —d common neighbours in H, and since

f(G)\S|=k—d<n—-1-d<n-—d,

at least one common neighbour of the vertices of S, call it s, is outside f(G).
Extend f to f* by defining f*(zx.1) = s. Then f* is an embedding of Gy into H,

and therefore J(k + 1) holds.
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Thus by induction, for all m € Z*, J(m) holds, and Lemma [7.5.6/ is proved. ]

A graph H is said to be (d, s)-thick if for every induced subgraph H' < H on at

least s vertices,

E(H)] > %(’V(fl>’>-

In other words, every “big” subgraph has “many” edges. Therefore if a graph is not

(d, s) thick, then there exists a large subgraph with not too many edges.

Lemma 7.5.7. Let d,n € Z*, let G be any d-degenerate graph on n vertices, and

let H be a graph on more than 4dn vertices that is not (d, 4dn)-thick. Then G C H.

Proof. Since H is not (d, 4dn)-thick, there exists an H" < H on at least 4dn vertices

such that

E(H)| < %(IV(;LI’)I)‘

Then by Lemma [7.5.5, H’' contains a subgraph with the (d, n)-property, which by

Lemma 7.5.6, contains G. O

Therefore every graph that is not (d, 4dn)-thick contains a copy of G in its comple-
ment. Next it is proved that every large enough (d,4dn)-thick graph contains G.

To begin with, the following elementary lemma is required.

Lemma 7.5.8. Let k € Z", and let X be a set. Let B C X such that for every

A€ [X]F, ANB #0. Then |B| > |X|— (k—1).
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Proof. If not, then B < |X|—k. However, then | X \ B| = | X|—|B| > | X|— (| X]|—

k) =k, and any set A € [X \ B]* is such that AN B = (), a contradiction. O

Let r,m,d € Z*. For a graph H, an (H,r, m,d)-reducing pair is defined to be a

pair of sets (R, S) such that R,S C V(H), RNS =0, |R| =r,|S| > 3‘:,/101 ), and

for all v € R, |[Ng(v)n S| < 450

Lemma 7.5.9. Let d > 2,r > 2,m > 8d, and let H be a graph with at least
2rm =4 yertices. If every subgraph Hy C H with |V (Hy)| > ﬁH/(HH contains
an (Hy,r,m,d)-reducing pair, then H contains a subgraph H' on exactly 4dr vertices

with |[E(H')| < o (4dr) Consequently, H is not (d,4dr)-thick.

Proof. Assume that every subgraph H; C H with |V (H,)| > m%d]V(Hﬂ contains

an (Hy,r,m,d)-reducing pair. Construct a sequence of graphs
Hy > Hy = - > Hyy 1

in the following inductive way: Let Hy = H. Let k € [0,4d — 2], and assume that
Hj, has been defined such that [V(Hy)| > —z|V(H)|. By assumption, since

1 1
mkd ~ pad2’

an (Hy,r,m,d)-reducing pair (R, Sk) can be chosen in Hy. The number of edges

between Rk and Sk, |E(Rk, Sk)|, is

|E(Ri, Sk) = ) [Nu, (v) N Syl

vER
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4|8
< Z 5% (by the definition of a reducing pair)

vER
4|5k

= |R|=2E .
Rl 3 (73)

Claim. There exists an S}, C Sy with |S;| > % such that for all v € S},

2
[N (0) N By < — [ Rul.

Proof of claim. Suppose the claim is not true, i.e., for all S}, C Sy with |S}| > %,

there exists v € S}, such that
2
[N (0) N Ry > — | Ryl
Then, by Lemma [7.5.8, there are at least

S 2
1+ (|Sk| — ’V|—3k|—‘> > ngk’

vertices v in Sy such that |[Np, (v) N Ri| > 2|Ry|, and therefore |E(Ry, Sy)| counted

a second way is

|E(Ry, Sk)| = > [Nm(v) N Ryl
vESK
2 2
=|Sk| | —|R
> Jisd (21
415,
e R _—
| k‘3 m
> |E(Ry, Sk)l, (by equation (7.3))

which is a contradiction, proving the claim.
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Let Hyy1 be the subgraph of H induced on the vertices S;.. Then

S,
Vi) 2

Vv

3\4 md-1

m |V (Hy)|
4  md
|V (H})|
md

1 |V(H)|
md  mkd

\V(H)|
mk+1)d’

1 H,
Z (§ VA k)|> (by the definition of a reducing pair)

v

(since m > 8d > 16)

(by induction hypothesis)

Therefore |V (Hyy1)| > %, which completes the inductive step.

Notice that

|V (H)| 2rmid:—d

_ !
|V(H4d—1>| - |S4d—2| Z m(4d_1)d Z m4d2—d

=2r>r.

Let Ry4-1 be any subset of S}, , of cardinality r. Let R = Ui’i_ol Ryand H=H [R]
Since for all k = 0,...,4d — 1, |Rx| = r, and they are all disjoint, it follows that

|R\ = 4dr, and since Ry C S}, for all i < j,

2

2r2

Thus,
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)+ ()5
— (2dr) (7“ g 2D W)

r—1 dr — 2r
4d7“—1 4dr—1)

(=) o (=)
< (2dr)(4dr — 1) (id —)
< (462”) (— %) (since m > 8d)
)

Therefore H C H has 4dr vertices, and less than L (4dr) edges, proving the lemma.

IN

= (2dr)(4dr — (

= (2dr)(4dr —1)

]

Let H be a graph with V(H) = M. A set A C V(H) is called (H,m)-good iff

and is (H, m)-bad otherwise.

Lemma 7.5.10. Fiz m > 2,r,d. Let H be a graph such that |V (H)| > 2rm?. Then
if there exists an (H,m)-good set A in H of order at most d — 1, and there exist r
elements vy, ..., v, such that for alli € [1,r], AU{v;} is (H,m)-bad, then H contains

n (H,r,m,d)-reducing pair. Consequently, if H contains no (H,r,m,d)-reducing

pair, then there are at most r — 1 (H, m)-bad singletons.
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Proof. Fix a graph H with |V (H)| > 2rm¢ that contains a (H,m)-good set A,
and 7 elements vy, ...,v, such that for all i € [1,r], AU {v;} is (H,m)-bad. Let

R={vy,...,v.} and let S = Ng(A) \ R (see Figure [7.3).

) (H],ng—good set
C )
“\ N(A) 'l"'
N
R NR)

The set of 7 elements such that
for all vin R, Atogether with vis (H,, m)-bad.

Figure 7.3: Construction of S and R

At this point we locally define Ny () = V(H), in order for the proof to work when

A = (). The cardinality of S is

S| = [Nu(A)\ R|

= |[Ng(A)| = [Nu(A)N R
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> |Ny(A)| —r
H
> "7/75|A|)‘ —r (since A is (H,m)-good)
V(H V(H .
> | nE|A|)| _| 2§nd)| (since |V (H)| > 2rm®)

(since m > 2)

v
=
=z
/_\/}_‘\/\
| |
—
N————

v

1— —) (since |A| <d—1)

v
|

(again since |A| < d —1).

Further, for all v € R,

INg(v) N S| < |[Nuy(R)NNy(A)| (since Ng(v) NS C Nyg(R)N Ng(A))

IN

[N (v1) N Ne(A)

1|V(H)
m  mlAl
LS (by equation (7))
Eg yequa 10N .

4191

3m’

(since AU {v;} is (H,m)-bad)

IN

Therefore (R, S) is an (H,r, m,d)-reducing pair. The second part of the lemma is
shown by noticing that A = () is an (H, m)-good set, and using the contrapositive

of the first part. O

Lemma 7.5.11. Fiz n,m,A,d,a € RT such that n > A > d > 2, m > d, and
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a > 1. Let My = m?Aan. If a graph H on M, > My vertices has no (H,an,m,d)-
reducing pairs, then every d-degenerate graph G on n vertices with mazximum degree
A can be embedded into H.

Proof. Order the vertices of G as x1,...,x, such that for all ¢ = 1,...,n, and
G; = G[{z1,...,2;}], degg,(x;) < d. An embedding f of G; into H is inductively

defined, maintaining the property that

Vieli+1,n],  f(Ng(x;) N {zy,...,2:}) is (H, m)-good. (7.5)

Since H has no (H, an, m,d)-reducing pair, the consequence of Lemma [7.5.10) says
that there are at most an—1 (H, m)-bad singletons. Since |V (H)| > m?Aan > an,

there exists an element, call it v1, such that {v;} is (H, m)-good. Therefore define

f(l‘l) = V1.

Let £ > 1, and assume that f embeds G} into H, maintaining property (7.5).

Enumerate
NGk<xk) = {'Iin'riw s 7$id/}7
and let A = f(Ng, (zx)). It remains to embed zj4 into Ny(A), maintaining the

property that

Vi=k+2,....,n  f(Ng,(v;) N {z1,..., Tk, Tpy1}) is (H,m)-good.

Let j € [k+2,...,n]. If ;1 & Ng,(v;), then f(Ng,;(x;) N {z1,...,Tpq1}) is
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(H,m)-good since f satisfies property (7.5), so assume 2411 € Ng,(z;).

Since f satisfies property (7.5), f(Ng,(z;) N {w1,...,zx}) is also (H,m)-good. Since

Tp41 € NGj (th),

f(Ng,(z5) N {z1, .- s 2p1}) = f(Ne; (z5) 0 {zy, . o) U{f (@)} (7.6)

Then by Lemma 7.5.10, there are at most an — 1 elements that f cannot map xy,
to. Therefore for each j € [k 4 2,n| with xx41 € Ng, (), there are at most an — 1

elements f(zg41) cannot be. Consider two cases:

Case 1. If A = (), then

INu(A)\ F(Go)] = [Na(@es) \ Gel(an — 1)
= M~k — |No(vi1) \ Gil(an — 1)
> M —k— Alan — 1)
= M;—an—Aan+A (since k < an)
> M, —an(l+A)

> My—oan(l+A4A)

Case 2. If A # (), then

[Nu(A)\ fF(GR)| = [Ng(2x41) \ Gil(an — 1)
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> |Ng(A)| —k—(A—=1)(an—1)

= |Ny(A)| —Aan+ (A+an— (k+1))

> VD] 5
mlAl

L VDL,
m
d

- m Adom ~ Aan
m

= 0.

Therefore, x,1 can be mapped to at least one element without causing any new

bad sets. The inductive embedding is now complete, and the lemma is proved. [

Theorem 7.5.12. Let d,n € Z*, and let G be a d-degenerate graph on n vertices
with mazimum degree A. Let H be an arbitrary graph with at least (8d)4d2+dAn

vertices. Then either G C H, or G C H.

Proof. If H is not (d,4dn)-thick, then by Lemma [7.5.7, G C H, and the proof
is done. If H is (d,4dn)-thick, then by the contrapositive of Lemma [7.5.9 (with

m = 8d and r = n), there exists an H; C H with

V()| > ooV ()] 2 (8d)"n

that does not contain any (Hy, n, 8d, d)-reducing pairs. Then by Lemma [7.5.11/ (with

H = H;, « =1and m = 8d), G C Hy. This proves the theorem. Il

The following corollary proves Theorem [7.5.1.
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Corollary 7.5.13. For any d € Z™", and any d-degenerate graph G,

R(G,G) < (8d)*“HA(G)|V(G)].

7.6 Ramsey-size linear graphs

Recently another type of linear Ramsey has been defined, where “linear” instead

refers to linear in the number of edges.

By Theorem [4.4.2, for any tree T, R(K3,T) = 2|E(T)|+ 1. In 1980, Harary [0, [131]
asked if it was true that for every graph G, R(K3,G) < 2|E(G)| + 1. Sidorenko
[131] proved this bound in 1993, and this motivated the following definition: Let G
be a graph with at least three vertices. Then G is defined to be Ramsey size linear

iff there exists a constant ¢ = ¢(G) such that for every graph H with no isolated

vertices, R(G, H) < c|E(H)].

Theorem 7.6.1 (Erdds, Faudree, Rousseau, and Schelp, 1993 [39]). Let G be a
connected graph. If |E(G)| < |V(G)|+ 1 then G is Ramsey size linear. If |E(G)| >
2([V(G)| = 1), then G is not Ramsey size linear. Further, for all n € Z*, and for
all e € [n+2,2n — 3], there exist graphs G1 and Go each on n vertices and e edges,

one of which is Ramsey size linear, and one of which is not.

Note that due to Theorem [7.6.1, K, is not Ramsey size linear. It is interesting
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to note that this fact can be verified using Spencer’s [133] bound on R(Ky, K})

(Theorem [3.4.9):

5

t 2

R(K,, K, —_— .
(K., t>>c(logt)

5

It can be shown that, for large enough ¢, (@) DS (;) Therefore, there can be no

constant ¢ such that for every t € Z*, R(K4, K;) < c(;), which verifies that K is

not Ramsey size linear.



Chapter 8

Restricted Ramsey theorems

Restricted graph Ramsey questions are of the form, for some r € Z* and some
graphs G, ..., G,, does there exists a graph F' so that F — (Gy,...,G,)%2 and
such that F' satisfies some restrictive property (like F' is Ky-free, or 2-connected)?

This chapter presents some representative theorems answering restricted graph

Ramsey questions.

8.1 Graphs arrowing K3

Given a family of graphs G, define Forb(G) as the class of graphs which do not

contain induced subgraphs isomorphic to any element of G. If G = {G}, a family

184
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consisting of a single graph G, then write Forb(G) rather than Forb({G}). Also,
say F' € Forb(G) is G-free. In Section 3.1.2, it was shown that Kz — (K3)52.
It follows that any graph that contains a Ky also arrows K3. Is there a Kg-free
graph (i.e., a graph in Forb(Kg)) that arrows (K3)5*? Erdds and Hajnal asked this

question in 1967 [41], and it was answered by Graham the following year:
Theorem 8.1.1 (Graham, 1968 [61]). K3 + C5 — (K3)5X2, and no other Kg-free
graph on fewer than eight vertices has this property.

The proof is done by checking cases, similar to the proof of Kz — (K3)52, but

longer, and is omitted. One can verify (see Figure8.1) that K3+C}5 does not contain

i

7d
\//\/

Figure 8.1: The graph K3+ Cj

a Kg, but it does contain a number of Kj5’s. Two years later, Folkman published

the following theorem:

Theorem 8.1.2 (Folkman, 1970 [53]). For all a € Z*, there exists a graph F €

Forb(K,y1) such that F — (K,)5>.
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Theorem K.1.2 is (trivially) best possible in terms of forbidding complete graphs.
Folkman’s proof of Theorem [8.1.2/ was constructive, but the graph constructed by
Folkman’s proof was astronomically large. To illustrate how large it was, Erdés (see
[135]) later offered a reward for producing such a graph with less than 10' vertices.
Erdés was given an affirmative answer by Spencer in 1988 [135] (with an erratum a
year later [136]). Spencer showed that there is positive probability that a random
graph on 3 - 10° vertices with a random edge removed from each copy of K, will
arrow (K3, K3)§ 2. According to [135], Spencer’s proof technique is so specific that

it only works for arrowing (K, K3)5.

8.2 Folkman Numbers

For any r,a,my,...,m, € Z*, define the vertez-colouring Folkman number as

Fy(my,...,my;a) = min{|V(F)| : F € Forb(K,),F — (Kp,, ..., Kp, )51,

T

and define the edge-colouring Folkman number as
F.(my,...,my;a) =min{|V(F)|: F € Forb(K,), F — (K, .-, Km, )52}

Very few exact values of the Folkman numbers are known. The solution to the party
problem shows that F,(3,3;7) = 6. By Theorem R.1.1, F.(3,3;6) = 8. Note that if

a < b, then F,(my,...,m;a) > F.(my,...,m,;b) since forbidding K, also forbids
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Ky. Also, if a > R(my,...,m,), then Fo(mq,...,my;a) = R(my,...,m,).

In 1999, Piwakowski, Radziszowski, and Urbanski [I119] showed F,(3,3;5) = 15.
Radziszowski and Xiaodong [125] recently proved that F.(3,3;4) > 19, and this
result, together with Spencer’s upper bound are currently the best known bounds
for F,(3,3;4):

19 < F.(3,3;4) < 3-10°.

Radziszowski and Xiaodong [125] conjecture that there may be a graph with as few
as 127 vertices that is Ky-free, and arrows (K3)52, and that F,(3,3;4) may be even

less than 100.

In terms of the vertex-colouring Folkman numbers, for r,a,m1,...,m, € Z*, and
M =1+5",_, m, it follows by the pigeonhole principle that Ry (my,...,m,) = M,
and therefore if a > M, F,(my,...,m,;a) = M. For the case a = M, Luczak and

Urbaniski [95] showed that
Fy,(my,...,m.; M) =max{mq,...,m,} + M.

When a = M —2, only one non-trivial result is known, namely that F,(2,2,2,2;3) =
22 [77]. According to [30], most of the research done on this topic has been in the

case a = M — 1. For more known results, see, e.g., [30), 94, 05, [125].
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8.3 The Erdo6s girth-chromatic number theorem

If a graph has high chromatic number, one might expect that this graph has short
cycles. However, in 1959, Erdos proved that there are graphs with no small cycles,
and yet with high chromatic number. Recall that the girth of a graph G is the

length of the shortest cycle in G, that is,

girth(G) = min{|V(C)| : C' is a cycle in G}.
Theorem 8.3.1 (Erdés, 1959 [35]). Given any positive integers r > 2,p > 3, there
exists a graph G with girth(G) > p and x(G) > r.

The proof of Theorem [8.3.1/is omitted (see, e.g., [3, pp. 38-39] or [79, pp. 265-266]).
On the surface, Theorem 8.3.1/ does not appear to be a restricted graph Ramsey

theorem, but it can be restated in the following “restricted Ramsey-manner”:

Theorem (Erdds girth-chromatic number theorem restated). Given any positive
integers r > 2,p > 3, there exists a graph F € Forb({Cs,... C,}) such that F —

(Ko)r.

The Erdés girth-chromatic number theorem has also been generalized to k-uniform

hypergraphs. A (simple) cycle of length n in a hypergraph G is a sequence
(Ula €1,V2,€2,...,Un, en)

of distinct alternating vertices and hyperedges such that for each i € [1,n — 1],
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{vi,vi01} C e, and {vy,v,} C e,. For i,k > 2, let C* denote a k-uniform hyper-
graph that is a cycle of length ¢ containing no smaller cycle. For ¢ > 3, hyperedges
in C¥ intersect in at most one vertex, forcing C* to be unique up to isomorphism.
The Erdos girth-chromatic number theorem can then be restated for hypergraphs
(see [40]): given any positive integers k,r,p > 2, there exists a k-uniform hyper-
graph G with girth(G) > p and x(G) > r, and therefore, if ¢, denotes an arbitrary
k-hyperedge, there exists a k-uniform hypergraph I € Forb({C}, ... CF}) such that
F — (ex)51. To see why this Ramsey translation holds, it suffices to see (trivially)

that for any hypergraph F, girth(F) > p implies that F' € Forb({C%,. .., C’I’f}).

Theorem 8.3.1/ can be applied to produce a restricted Ramsey theorem about 2-
connected graphs. Recall a graph is said to be n-connected if it is connected and
cannot be made disconnected by removing n—1 vertices (e.g., a graph is 2-connected

if it cannot be disconnected by removing one vertex).

Theorem 8.3.2 (Nesetiil and Rodl, 1976 [105]). Let A be any finite family of 2-
connected graphs. Then for every r € Z*, G € Forb(A), there exists an F €
Forb(A) such that

F 24 Gk,

r

Proof. Let A be any such finite family, and let r € Z*. Let

p=min{|V(A)|: A e A}.
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If p =1, Forb(A) is empty. If p = 2, then K5 € A, and therefore Forb(.A) is made

up of empty graphs, and the theorem is proved by the pigeonhole principle.

Assume p > 2. Let G € Forb(A), let k = |[V(G)], and let ¢ = max{|V(A)| : A € A}.
By Theorem 8.3.1, there exists a k-uniform hypergraph H with girth(H) > ¢ and
X(H) > r. For each e € E(H), fix a bijection ¢, : V(G) — e. Let F' be the graph

with V(F) = V(H), and

E(F) = {{tbe(v1),¢%e(v2)} : {v1,v2} € E(G) and e € E(H)}

(that is, replace each k-edge of H with a copy of G). Note that E(F) is well defined
since girth(H) > g > p > 2, and therefore edges of H intersect in at most one

vertex.

To see that F' € Forb(A), let C' < F be any 2-connected subgraph of F. If there
exists e € F(H) such that V(C') C e, then C' < G, and since G € Forb(A), it follows
that C' ¢ A. Otherwise, there are two vertices, say v; and vq, in V(C') not incident
with the same edge of H. Since C' is 2-connected, these two vertices must be both
on some cycle C’ in C. The length of C’ is at least the length of the shortest cycle

in H, that is,

|V(C")| > girth(H) > ¢ = max{|V(A)| : A € A}.

Therefore, |V (C)| > max{|V(A)|: A € A}, and thus C ¢ A.
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Therefore it suffices to show that F 2% (G)Er. Let A : V(F) — [1,7]. Since
V(F)=V(H), and x(H) > r, there exists e € E(H) such that e is monochromatic

under A. However, F'[e] is then a monochromatic copy of G. O

8.4 'Triangle-free graphs

The following theorem is a traditional example and a nice “nugget” from the field

of Restricted Ramsey theory.

Theorem 8.4.1 (Nesettil and Rodl, 1975 [104]). Let r € Z*. For every G €

Forb(K3), there ezists an F' € Forb(K3) such that

F 2 (G)Fe,

r

In fact, much more can be proved. Recall that a clique in a graph is a subgraph
which is complete, and the clique number of a graph G, denoted cl(G), is the size

of the largest clique in G.

Theorem 8.4.2 (Nesettil and Rodl, 1981 [109]). Let r,a € Z*. For every G €

Forb(K,), there exists a graph F € Forb(K,) such that

F (@)K,

r
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Outline of proof. Follow the proof of Theorem 5.5.4. Note that cl(P°) = cl(G),
and observe that the inductive construction and the amalgamations taking place

at each step preserve the clique number. Therefore, for every i € [1, (;)], c(P?) =

cl(Pi=1), and since p(;) Ind, (G)Ez, P() is the desired graph. L

The following theorem exploits the proof of Theorem 5.5.4/ even more:

Theorem 8.4.3 (Nesetiil and Rodl, 1981 [109]). For any r,m € Z, there exists a
graph F such that F — (K,,)52, and any two copies of K,, in F intersect in at
most one edge.

Proof. Again apply the construction in the proof of Theorem 5.5.4 with G = K,,,

and notice that the inductive construction preserves the property that any two

complete graphs intersect in at most two vertices. O



Chapter 9

Ramsey minimal graphs

9.1 Definitions

In this section, all colourings are edge colourings in two colours. For graphs G,

G, a graph F is weakly (G, Gy)-minimal iff both F — (G, G4)5?, and for any

proper subgraph I C F'| F' —/~ (G4, G2)§2. Let Rumin(G1, G2) denote the family of

all weakly (G1,Gg)-minimal graphs. The graph F' is strongly (G, Gy)-minimal iff
ind ind

both F 25 (G, G2)52, and for any proper subgraph F' C F, F' —/ (G, Go)52.

Let R ;. (G1,Gs) denote the family of all strongly (G, Gs)-minimal graphs.

min

A pair of graphs (G1,Gs) is weakly (resp. strongly ) Ramsey-finite iff R (G1, Go)

193
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(resp. R, (G1,G2)) is finite and weakly (resp. strongly ) Ramsey-infinite otherwise.

min

Consider the following example:

Theorem 9.1.1 (Burr, Erdés, Faudree, Rousseau, and Schelp, 1981 [18]). For all
k € Z*, Coryy is both strongly and weakly (Py, Py)-minimal, and therefore (Py, Py)

18 both strongly and weakly Ramsey-infinite.

Proof. In both the weak and strong cases the same proof works, so only the proof
of the weak case is presented here. Let k € Z*, and let A : F(Cyyy1) — {red, blue}.
Then there must be two adjacent edges that receive the same colour. Therefore

Coky1 — (P27 P2)§2-

If any edge is removed from Cy 1, the remaining edges can be alternately coloured
red and blue, producing no monochromatic P,, and since §(Cayy1) > 0, removing
any vertex removes an edge as well, proving that Coyq is weakly (Py, Ps)-minimal.

]

Characterizing the pairs of graphs that are Ramsey-finite (or Ramsey-infinite) was
a problem asked by Nesettil and Rodl in the mid 1970°s (see [37]). Today this

problem is central to the subfield of Ramsey minimal graphs.
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9.2 C(Classic minimal graph Ramsey results

One of the earliest theorems in the field of Ramsey minimal graphs was motivated
by a conjecture due to NeSettil, namely that for any a,b € Z*, the pair (K,, K})
is Ramsey-infinite (both strongly and weakly, since in this case all results are both

weak and strong).

Theorem 9.2.1 (Burr, Erdés and Lovész, 1976 [21]). For all a,b > 3, and d € Z,
there exists F' € Rpin(Ka, Kp) such that A(F) > d. Therefore (K,, Ky) is Ramsey-

infinite (both weakly and strongly).

Some widely cited results in the field of Ramsey minimal graphs are the following
theorems due to Nesetfil and Rodl (published in 1978). Recall that for any n € Z¥,
a graph is said to be n-connected if at least n points must be removed to disconnect
the graph (note that every connected graph is at least 1-connected). A graph is said
to be 2.5-connected iff it is 2-connected, and the removing any two points connected

by an edge does not disconnect the graph.

Theorem 9.2.2 (Nesettil and Rodl, 1978 [107]). For every 2.5-connected graph G,

(G, Q) is strongly Ramsey-infinite.

Theorem 9.2.3 (Nesettil and Rodl, 1978 [107]). For every 3-connected graph G,

(G, Q) is weakly Ramsey-infinite.
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Theorem 9.2.4 (Nesetiil and Rodl, 1978 [107]). For every graph G with x(G) > 3,

(G, G) is both strongly and weakly Ramsey-infinite.

9.3 Weakly Ramsey minimal results for match-

ings

In the same paper as Theorem 9.2.1, Burr et al. provide some of the first Ramsey

finite pairs.
Theorem 9.3.1 (Burr, Erdds and Lovéasz, 1976 [21]). Rupin(2K2,2K5) = {3K,,Cs},
and for all m,n € Z, (mKy,nK>) is weakly Ramsey-finite.

Burr et al. prove Theorem 9.3.1/ by showing essentially that any minimal graph that
arrows (mKy, nKs)5? has at most 2(m + n)? vertices, proving that there are only

finitely many such graphs.

Two years later, Theorem 9.3.1/was generalized to only require one of the two graphs

be a matching.

Theorem 9.3.2 (Burr, Erdés, Faudree, and Schelp, 1978 [20]). For any m € Z*,

and any finite graph G, (mKsy, G) is weakly Ramsey-finite.

Theorem 9.3.2 is proven using a similar argument as the proof of Theorem 9.3.1: it
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is shown that there exists ¢ = ¢(m, G) such that any minimal graph F' such that
F — (mKy, G)X2 has at most ¢ edges which, together with the fact that any such
minimal graph has no isolated vertices, proves that there are only finitely many.

The authors also suggest the following conjecture which is still open today:

Conjecture 9.3.3 (Burr, Erdés, Faudree, and Schelp 1978 [20]). Let G be a graph.
If for all graphs H, (G, H) is weakly Ramsey-finite, then there exists m € Z* such

that G &2 mKs.

The following theorems show progress towards Conjecture 9.3.3, and follow from

two corollaries due to Luczak in 1994 [92]:

Theorem 9.3.4. Let G be a graph. If for any forest H that is not a disjoint union of

stars, (G, H) is weakly Ramsey-finite, then there exists m € Z* such that G = mKs.

Theorem 9.3.5. Let G be a graph. If for anym € Z*, (G, K1 91) is weakly Ramsey-

finite, then there exists m € Z such that G = mK,.

9.4 Weakly Ramsey minimal results for stars and

forests

By Theorem 9.2.3] if G is 3-connected, Ruyin(G, G) is infinite, and by Theorem 9.2.4]

if G contains an odd cycle, Ryin (G, G) is again infinite. When one of both of G and
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Go is acyclic, Rumin(G1, G2) may be finite or infinite. So, e.g., in the next theorem,

when G; = G5 are both odd stars, then R, (G, G) is finite.

Theorem 9.4.1 (Burr, Erdés and Lovasz, 1976 [21]). For any graph F,
F — (Kl,m Kl,n)§2

iff A(F) > 2n —1 or, if n is even, F' contains a component which is reqular of

degree 2n — 2 with an odd number of points.
Note that Theorem [9.4.1 implies (since F' = Kj,-1 is the smallest graph such
that A(F) > 2n — 1) that for odd n, Ruin(K1n, Kin) = {Ki12,-1}. For n even,

Theorem 9.4.1 does not immediately reveal if Ry (K1, K1) is finite or infinite.

Theorem 9.4.2 (Burr, Erdds, Faudree, Rousseau, Schelp, 1981 [18]). Let s,t € Z*.
If both s and t are odd, Rumin(K1s, K1t) = {K1s4t-1}. Otherwise, Rom(K1 s, K1)
18 infinite.

In fact, Burr et al. proved more than Theorem 9.4.2. Call a star K, non-trivial if

n > 1.

Theorem 9.4.3 (Burr, Erdés, Faudree, Rousseau, Schelp, 1981 [18]). If G1 and G,
are unions of non-trivial stars, then Rpin(G1,Gs) is finite if and only if G and G

are both odd stars.

In 1991, Faudree classified for which forests G; and G, the pair (G, Gs) is weakly

Ramsey-finite.
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Theorem 9.4.4 (Faudree, 1991 [51]). For any two forests Gy and G, (G1,Gs) is

weakly Ramsey-finite if and only if one of the following holds:
1. One of Gy and Gy is a matching (see Theorem[9.3.2),

2. There exist x,y € Z*, and odd integers m,n such that Gy = K, Uz Ky and

Gy = Ky, UyKos,

3. There exist x,y € Z", x sufficiently large, s,n,my,...,ms € Z*, with n and
my odd, and my > n + me — 1, such that G1 = Ky, UxK,, and Gy =
U_, Kim, UyK>

Theorem 9.4.5 (Burr, Erdds, Faudree, Rousseau, Schelp, 1980 [17]). Let n,k €
Z*, and let {G, ..., G,} be any set of 2-connected graphs. Then Rin(Ui—; Gi, K1k
18 infinite.

Luczak later showed that as soon as one of the graphs is no longer a forest, the pair

is weakly Ramsey-infinite.

Theorem 9.4.6 (Luczak, 1994 [92]). For any graph G containing at least one cycle,

and for any forest Go which is not a matching, the set Rpin(G1,Ga) is infinite.
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9.5 Explicit sets of Ramsey minimal graphs

After determining whether the pair (G, G) is (weakly or strongly) Ramsey-infinite

or not, one can ask to classify the elements of the sets R,in (G1, G2) and RE . (G1, Ga).

min

Only very few results of this type are known. Consider the following example:

Theorem 9.5.1 (see, e.g., [20]). Rpin(Ks, H) = R

min

(Ky, H) = {H}.
Proof. Firstly, note that H € R (Ko, H)NRE,, (K2, H). Secondly, note that any

graph that arrows (K5, H)5? (either weak or induced) must contain a copy (weak

or induced) of H. O

Burr et al. [21] proved that Ruyin(2K32,2K5) = {3Ks,Cs} (see Theorem 9.3.1),
and later [18] that when s and t are odd, Rumin(K1.s, K14) = {K1 5411} (see Theo-

rem [9.4.2).

Theorem 9.5.2 (Burr, Erdés, Faudree, and Schelp, 1978 [20]). The graphs in Fig-

ure 9.1 are the only weakly Ramsey-minimal graphs for (2Ks, K3).

EAARNE N

Figure 9.1: The members of Rin(2Ks, K3).
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In the last ten years, the following weakly Ramsey-minimal sets have been charac-

terized:
(2) Ruwin(2Ks, K1) (see [99)),
(b) Rupin(2K2, tK,) (see [100]),
(€) Runin(K12, Km) (see [11]),

(d) Rumin(K1,2, K3) (see [12]).

In [99], the following sets are also explicitly determined:
Roumin(2K2, K1 5) = {2K1 2, Cy, C5},
and Rumin(2K5, K 3) is exactly the collection of graphs in Figure [9.2.

In [100], for t < 5, the sets Ruyin(2K5, tK3) are also explicitly determined. Borowiecki
et al. [11], in addition to classifying the elements of Ryin (K12, K1), produce, for m

and n odd integers, a sufficient condition for a graph to belong to Ruin (K1 m, K11)-

9.6 Minimal ordered Ramsey graphs

Let (F,<) and (G, <) be ordered graphs, and assume that (F, <) nd, (G, <)k,

Then F is said to be minimal ordered Ramsey iff for every proper subgraph F’ C F,
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A

Figure 9.2: The members of Ruyin (2K, K1 3).

ind
(F',<) —A (G, <)52. In 1990, Gunderson [68] proposed the problem of finding

minimal ordered Ramsey graphs, and presented a few trivial examples, together

with the following first non-trivial example:

Theorem 9.6.1 (Gunderson, 1990 [68]). Let (G, <) and (F, <) be as in Figurel9.3.

Then (F, <) is minimal ordered Ramsey for (G, <).

For any two graphs G, Ga, let 7,q(G1, G2) denote the least integer e such that there

ind 5

exists a graph F' with exactly e edges such that I© — (G, Gg) . The number
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(G, <) (F,<

Figure 9.3: A non-trivial minimal ordered Ramsey graph (F, <) for (G, <)

Timd(G1, Ga) is the size Ramsey number. The following conjecture arose from the

study of minimal ordered Ramsey graphs.

Conjecture 9.6.2 (Gunderson [68]). Let F' and G be finite graphs, and assume

ind

that F 5% (G)5X>. Let G' be such that G € G’ and V(G) = V(G"). Then if either

\V(F)| = Rina(G, G), or |E(F)| = Tina(G, G), then G' £ F.

9.7 Minimal Ramsey minimum degree

Recently, Fox and Lin [54] considered the following Ramsey-minimal problem: for
any finite graph G, what is the value of s(G) = min{é(F) : F' € Ruin(G, G)}? They

produced the following theorems:

Theorem 9.7.1 (Fox and Lin, 2007 [54]). For all graphs G,

25(G) — 1 < 5(G) < R(G,G) — 1.
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Theorem 9.7.2 (Fox and Lin, 2007 [54]). For all k € Z", s(K}) = (k — 1)?, and

for all a,b € Z*, s(K,;) = 2min{a, b} — 1.



Chapter 10

Colouring incomplete graphs

10.1 Introduction

So far in this thesis it has been shown (Observation 4.1.1/and Theorem [5.7.3 respec-
tively) that for any r € Z*, and any graphs G and H, the numbers R(G; H;r) and
Rina(G; H; 1) exist when H is complete; that is, when H is complete, for any graph
G, there exists graphs Fy and F, such that F; — (G)H, and Fy 2% (G)H. When

H is not complete, the situation is more complicated, as exhibited by the following

theorem.

ind

Theorem 10.1.1. For any graph F, F 4 (C))%2, and F —/5 (Cy)¥2. Thus
R(Cy, P2;2) and Rinq(Cy; Py;2) do not exist.

205
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Proof. The same proof works for both the induced and the non-induced cases, so
only the non-induced case is presented here. Let F' be any graph. Define a total
(linear) ordering “ < ” on V(F) in any way. Define a 2-colouring A : (F) —

Py

{red, blue} as follows: let Pj € (52), and let xy, {1, 22}, xa, {xe, 23}, 23 be the
vertices and edges of Pj. If x9 > x; and x5 > x3 (in the fixed but arbitrary

ordering) then let A(Py) = red. If xo < 1 and zy < x3 then let A(P}) = blue.

Otherwise, the colour does not matter (let A(Pj) = red, say).

Let C} € (54), and assume V(C}) = {v1,v2,v3,v4}, and vy and vy are the smallest
and greatest elements respectively with respect to the total linear ordering on F.
By the definition of A, the copy of P, inside C} with v; as its middle point must be
blue, and the copy of P, with v, in the middle must be coloured red. Therefore C
contains both a red copy of P, and a blue copy of P, and since C) was an arbitrary
copy of Cy in F, every Cy in F' contains two colours. Finally, since the colouring
was defined for any arbitrary ordering, and one can always order any finite graph,

the result follows. O

This problem can in fact be found whenever H is non-empty and non-complete.

Theorem 10.1.2 (Nesettil and Rodl, 1975 [103]). Let H be a non-empty, non-

complete graph. Then there exists a graph G such that R(G: H:2) does not exist.
74 grap grap , 41

Proof. (as given in [121, p. 195]) Note that since H is neither complete nor
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empty, there are at least two orderings <; and <, of V(H) such that (H, <;) and
(H,<5) are non-isomorphic. By Theorem [5.8.3, let G be a finite graph such that

ind

G —ord (H7 Sl)a and G E>01"d (H7 SQ)

Let F be any graph, and let < be an arbitrary ordering of V/(F). Define A : (1) —
{red, blue} by

red if (H', <) = (H', <), and
A(H') =

blue otherwise.
Then, by the definition of GG, each G’ € (g) contains copies of (H, <) and (H, <5),

and therefore is not monochromatic under A. ]

10.2 A classification

The problem of classifying which triples (G, H,r) can F' be found such that F’ nd,

(@)H was addressed by Gunderson, Rédl and Sauer in 1990 [69]. The notation in

T

this section is due to Gunderson. Given a hypergraph H, define
ORD<H) = {(H7 Sl)a (Ha §2)7 ctt (H; Sk)}

to be the set of all distinct ordered hypergraphs which, without the ordering, are

copies of H, that is, H together with every possible ordering of V' (H). For exam-
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ple, ORD(P,) is the set of all possible orderings of P, given in Figure [10.1, and

ORD(Cy) is given in Figure [10.2.

(B,=) (B,5) (B,=)

Figure 10.1: The non-isomorphic orderings of P,

i)

(C4: S1) (C4’ S2) (C4: S3)

Figure 10.2: The non-isomorphic orderings of Cy
Given H and (G, <*), let
G, <*
DO(H,G,<*)={(H,<) € ORD(H) : (H <) # 0}

be the set of distinct orderings on H that can be found as induced subgraphs in

(G, <*). For example,

DO(P,, Cy, <3) = {(P, <4), (P2, <3) }.
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Finally, let
mdo(H, G) = min{|DO(H, G, <;)| : (G,<;) € ORD(G)}

be the minimum number of distinct orderings on H given any ordering of G. For

example, mdo(FPz, Cy) = 2.

For another example, given some n € Z*, and some graph G, consider the set
DO(K,,G,<;). If G does not contain a copy of K,, then DO(K,,G,<;) = 0.
If G does contain a copy of K, then since all orderings on complete graphs are

isomorphic, |ORD(K,)| =1, and so |DO(K,,G,<;)| =1 and mdo(K,,G) < 1.

The reason that there does not exist a graph F' such that F nd, (Cy)L? is because

mdo(P,, Cy) = 2, which means there is a way to colour the P,’s according to their
ordering (or order type) to ensure that every C, contains two colours. The fol-
lowing theorem demonstrates this fact, and is proved directly using the Ordered

Hypergraph theorem (Theorem [5.8.1)).

Theorem 10.2.1 (Promel and Voigt, 1985 [120]). Given r € Z*t, and G, H graphs

such that mdo(H,G) = 1, then there exists a graph F such that

F 24 (@)H,

T

Proof. Let r € Z*, and let G and H be graphs such that mdo(H,G) = 1.

By the definition of mdo(H, G), there exists an ordering on G, say <, so that
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|DO(H, G, <)| =1 (every induced H-subgraph is order-isomorphic to, say, (H, <)).

By the Ordered Hypergraph theorem, there exists an ordered graph (F, <) such

ind (H,
r

that (F, <) — (G, <) <) The claim is then that F, the unordered version of

(F, <), satisfies

F 2 (@)f.
Let A : (1), — {1,....r}. Define an r-colouring A* : (ffé)ind — {1,...,7r}

defined by A*((H', <)) = A(H’). By the choice of F', there exists a monochromatic

(G, %) € (F’E)ind such that A* is constant on (G*’<)ind. Since |DO(H, G, <)| =1,

¢ H<
(H',<) € (i;’f)md iff H' e (C;{), and therefore A is constant on (Cg)ind. O

However, Theorem [10.2.1/ appears to be far from an if and only if statement, as

shown by the following theorem:

Theorem 10.2.2 (Gunderson, R6dl, and Sauer, 1990 [69]). For every non-complete,
non-empty graph H, if either H or H is 2-connected, then there exist graphs F and

G such that mdo(H,G) > 2, and F 2% (G)H.

Gunderson, Rodl and Sauer succeeded in characterizing all triples (G, H,r) such
that there exists a graph F with F nd, (G)H. Given two hypergraphs G, H,
define the hypergraph Sy ¢ as the graph with vertex set ORD(H) and edge set
E(Suc) = {DO(H,G,<) : (G,<) € ORD(G)}. Let x(Su¢) denote the (weak)

chromatic number of Sy ¢.



10.2. A classification 211

Theorem 10.2.3 (Gunderson, Rodl, and Sauer, 1990 [69]). For any hypergraphs

G, H, there exists F' such that F 2% (AE iff x(Sga) > .

Three years later, Gunderson, Rédl, and Sauer published [70] a theorem charac-
terizing explicitly the set of graphs G for which there exists a graph F' such that

F2 o)k



Appendix A

Graph Theory

Throughout this thesis, unless otherwise noted, all graphs are finite. A graph G is
an ordered pair (V(G), E(GQ)), where V = V(G) is aset, and F = E(G) C [V]?. Let
G, H be graphs. An isomorphism between G and H is a bijection f : V(G) — V(H)
such that {z,y} € E(G) iff {f(z), f(y)} € E(H). If there exists an isomorphism
between two graphs G and H, say G and H are isomorphic, and write G = H.
A graph H is said to be a subgraph of G, denoted H C G, iff V(H) C V(G)
and F(H) C E(G)N[V(H)]?. For any two graphs G and H, an embedding of
H into Gis a function f : V(H) — V(G) such that for each {v,v,} € E(H),

{f(v1), f(v2)} € E(G), and a copy of H in G is an image of such an embedding.

212



Graph Theory 213

The set of all copies of H in G is denoted
(1)
o)
The graph H is said to be an induced subgraph of G, denoted H =< G, iff V(H) C
V(G) and E(H) = E(G) N [V(H)]?>. For any two graphs G and H, an induced
embedding of H into G is a function f : V(H) — V(G) such that {v;,v} € E(H)

iff {f(v1), f(ve)} € E(G), and an induced copy of H in G is an image of such an

induced embedding. The set of all induced copies of H in G is denoted

().

A graph G is complete if every pair of vertices in G is connected by an edge; the
complete graph on n vertices is denoted by K,. A graph G is k-partite if there
exists a partition V(G) = V3 U --- UV, such that for every {x,y} € E(G), there
exist 4,7 € [1,k], i # j, such that x € V; and y € V. A 2-partite graph is called
bipartite. For any m,n € Z*, the complete bipartite graph K,,, is the bipartite
graph with partite sets A and B containing m and n elements respectively, and

E(Kyn) ={{a,b} :a € Abe B}.
For any graph G, and any vertex v € V(G), the degree of v in G is

degi(v) = |{e € E(G) : v € e}|.
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The neighbourhood of v in G, denoted Ng(v), is the set Ng(v) = {z € V(G) :
{z,v} € E(G)}. Note that for all v € V(G), degn(v) = |Ng(v)|. When it is clear
which graph the degree or the neighbourhood is being considered in, the “G” may be

omitted. The following lemma is a traditional lemma in Graph theory (see e.g. [7]).

Lemma A.0.4 (Handshaking Lemma). For any graph G,

S deg(v) = 2/B(G)].

veV(G)
For any n € Z™, a path of length n in a graph G is an alternating sequence of distinct
vertices and edges vy, €1, U2, €9, . . . , €, Upyq such that for all i € [1,n], e; = {v;, v;11}.
For two vertices v and v, auv-path is a path starting at v and ending at v. A cycle
of length n in G is an alternating sequence of distinct vertices and edges of the form
U1, €1, ..., Up, €, U1, such that for all ¢ € [1,n—1], e; = {v;, vi11}, and e, = {vp, v1}.
For any n € Z", P, denotes a path on n edges (note that there is some disagreement
in graph theory as to whether P, should denote a path with n edges or a path with
n vertices). Let C,, denotes a cycle on n edges. For any graph G, the complement

of G is the graph G = (V(G),[V(G))*\ E(G)).

A graph G is connected iff for any u, v € V(G), there is a uv-path in G. A component

of G is a maximal connected subgraph of G.

A forest is a acyclic graph, the components of which are called trees. A leaf in a

tree is a vertex of degree one. A tree is said to be locally finite if the degree of every
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vertex is finite. A rooted tree is a tree with some vertex identified as the root, and
a branch in a rooted tree T" with root x is a component in the graph formed by

removing x from 7.

A set X of vertices in a graph G is said to be an independent set iff X does not
contain any edge, i.e.,

E(G)N[X]* = 0.

The independence number of G, denoted a(G), is the cardinality of the largest

independent set of G.

A clique in a graph is a complete subgraph. For r € Z", a good vertex r-colouring
of a graph G is an r-colouring of V(G) with the added property that no edge is
completely contained within a colour class. i.e., a good r-colouring is a partition of
V(G) = ViU...UV,, with the added property that for all {z,y} € E(G), there exist
i,7, 1 # j, such that € V; and y € V. If for some graph G, there exists a good
vertex r-colouring, then G is said to be r-colourable. When it causes no confusion,
a good vertex r-colouring is also referred to as simply a good r-colouring. The

chromatic number of G, denoted x(G), is the smallest r such that G is r-colourable.

For graphs G and H such that V(G) NV (H) = 0, the disjoint union of G and H,
denoted G U H, is the graph (V(G)UV(H), E(G) U E(H)). This definition can be

extended to graphs who have vertices in common as follows: for any graphs G and
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H,V(GUH) = (V(G) x {0}) U (V(H) x {1}), and

E(GUH) = {{(2,0),(y,0)}: {z,y} € E(G) }U

{{(z,1),(y, D} : {z,y} € E(H) }.

For any two graphs G and H, let G+ H denote the graph with V(G+H) = V(GUH),
and

BE(G+H) = E(GUH)U{ {(a,0),(b,1)} :ac V(G),be V(H)}

(that is, the disjoint union of G and H, together with every vertex in G connected

to every vertex in H).

For any connected graph G, and any n € Z*, let nG denote the graph with n
components, each isomorphic to G. So, e.g., mKy is a collection of m disjoint

edges—called a matching.

For any graph G and v € V(G), let G \ {v} denote the graph formed by removing
v, and all edges attached to v, from G. If for some graph G, there exists a graph
G’ such that for any edge e € E(G), G’ = (V(G), E(G) \ {e}), then denote G’ by
G\ e. Define G + e analogously. Similarly, if for some graphs G and H, there exists
a graph G’ such that for any H' € (§), G' = (V(G), E(G)\ E(H")), then denote G’

by G\ E(H). For example, K5 \ P, is the graph formed by removing two incident

edges from K.
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A hypergraph G is an ordered pair of sets (V(G), E(G)), where E = E(G) C P(V),
the collection of all subsets of V' = V(G). As with graphs, the elements of V = V(G)
are called vertices, but the elements of £ = FE(G) are called hyperedges. Note
that by this definition, singletons may be edges. To avoid trivialities, singletons
are usually not allowed to be edges in hypergraphs. Note that when helpful a
script notation can be used to denote a hypergraph (e.g., GorH) to differentiate
graphs from hypergraphs. For k € Z™*, a hypergraph H is said to be k-uniform if
E C [V]*. By definition, a graph is a 2-uniform hypergraph. Isomorphisms between
hypergraphs are defined analogously to those on graphs, as are subhypergraphs

(induced and non-induced).

For any hypergraph G, and any vertex v € V(G), the degree of v in G, written
dege(v), is degn(v) = [{e € E(G) : v € e}|. The neighbourhood of v in G, denoted
Ng(v), is the set Ng(v) = {z € V(G) : Je € E(G) s.t. {z,v} C e}. Note that
when G is a hypergraph, it is not necessarily true that for all v € V(G), degq(v) =
|Ng(v)| as is true in the graph case. For any A C V(G), A # 0, let Ng(A) =
MNyea Na(v). When it is clear which hypergraph the degree or the neighbourhood

is being considered in, the “G” may be omitted.

A hypergraph G is complete iff E(G) = P(G), and for any k € Z*, a k-uniform

hypergraph is complete if E(G) = [V (G)*.
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A set of vertices X inside a hypergraph G is said to be an independent set iff
E(G)NP(X) = 0. The independence number of G, denoted a(G), is the cardinality

of the largest independent set of G.

Let r € ZT. A good vertex r-colouring of a hypergraph G is an r-colouring of V(G)
with the added property that no edge is completely contained within a partition
class. i.e., a good r-colouring is a partition of V(G) =V, U--- UV, with the added
property that for all e € E(G), there exist i,7, i # j, such that e N'V; # 0 and
enV; # (. If for some hypergraph G, there exists a good vertex r-colouring, then G
is said to be r-colourable. When it causes no confusion, a good vertex r-colouring is
also referred to as simply a good r-colouring. The chromatic number of GG, denoted

X(G), is the smallest r such that G is r-colourable.
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